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UNIFORM STRUCTURAL STABILITY OF HAGEN-POISEUILLE FLOWS
IN A PIPE
YUN WANG AND CHUNJING XIE
Abstract. In this paper, we prove the uniform nonlinear structural stability of Hagen-
Poiseuille flows with arbitrary large fluxes in the axisymmetric case. This uniform nonlinear
structural stability is the first step to study Liouville type theorem for steady solution of
Navier-Stokes system in a pipe, which may play an important role in proving the existence
of solutions for the Leray’s problem, the existence of solutions of steady Navier-Stokes
system with arbitrary flux in a general nozzle. A key step to establish nonlinear structural
stability is the a priori estimate for the associated linearized problem for Navier-Stokes
system around Hagen-Poiseuille flows. The linear structural stability is established as a
consequence of elaborate analysis for the governing equation for the partial Fourier transform
of the stream function. The uniform estimates are obtained based on the analysis for the
solutions with different fluxes and frequencies. One of the most involved cases is to analyze
the solutions with large flux and intermediate frequency, where the boundary layer analysis
for the solutions plays a crucial role.
1. Introduction and Main Results
An important problem in fluid dynamics is to study the steady Navier-Stokes system in
infinitely long nozzles ( [13]). More precisely, given an infinitely long nozzle Ω˜ tending to
a flat cylinder Ω = Σ × R, the famous Leray’s problem is to establish the existence of the
solutions for the system
(1)
{
u · ∇u+∇p = ∆u + F ,
div u = 0,
supplemented with the conditions
(2) u = 0 on ∂Ω˜,
∫
Σ˜
u · ndS = Φ,
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and the velocity field tending to the Poiseuille flow associated with the flux Φ, where Σ˜ is any
cross section of the nozzle Ω˜ and the Poiseuille flow which is a solution steady Navier-Stokes
equations of the form u¯ = (0, 0, u¯z(x, y).
When Ω = B1(0)×R, the velocity field for the Poiseuille flow with the flux Φ in this case
has the explicit form
(3) (0, 0, U¯(r)) = (0, 0,
2Φ
π
(1− r2)),
where r =
√
x2 + y2. These solutions are also called Hagen-Poiseuille flows and We denote
them by U¯ = U¯(r)ez later on. The Leary’s problem nowadays and it was first addressed
by Leray ( [25]) in 1933. Without loss of generality, Φ is assumed to be nonnegative. The
first significant contribution to the solvability of Leray’s problem is due to Amick [3, 4],
who reduced the proof of existence to the resolution of a well-known variational problem
related to the stability of the Poiseuille flow in a flat cylinder. However, Amick left out
the investigation of uniqueness and the existence of solutions with large flux. A rich and
detailed analysis of the problem of the flow in domains having outlets to infinity of bounded
cross section is due to Ladyzhenskaya and Solonnikov [23]. However, the asymptotic far
field behavior of the solutions obtained in [23] is not very clear. There are lots of studies
on well-posedness for the Leray’s problem and far field behavior for the associated solutions,
one may refer to [2, 5, 19, 23, 29, 33, 35, 36], etc. For more references on steady solutions of
the Navier-Stokes equation in nozzles or other type of domains, please refer to the book
by Galdi [13]. A significant open problem posed in [13, p. 19] is global well-posedness for
Leray’s problem in a general nozzle when the flux Φ is large.
In fact, with the aid of the compactness obtained in [23], global well-posedness for the
Leary’s problem in a general nozzle tending to a pipe could be established even when the
flux Φ is large, provided that we can prove global uniqueness of Hagen-Poiseuille flow in a
pipe. As a first step to prove global uniqueness of Hagen-Poiseuille flows, we investigate the
local uniqueness of Hagen-Poiseuille flows. More precisely, under the boundary condition
(4) u = 0 on ∂Ω,
∫
Σ
u · ndS = Φ,
boundary conditions where Σ is any cross section of the pipe, is Hagen-Poiseuille flow the
only solution of steady Navier-Stokes system (1) in the neighborhood of such flow?
A key issue to prove the local uniqueness of Hagen-Poiseuille flows is to investigate the
invertibility of associated linearized operator around Hagen-Poiseuille flows. More precisely,
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we need to study the well-posedness for the system
(5)
{
U¯ · ∇v + v · ∇U¯ −∆v +∇P = F , in Ω,
div v = 0, in Ω,
supplemented with no-slip boundary conditions and the flux constraint,
(6) v = 0 on ∂Ω,
∫
B1(0)
vz(·, ·, z) dS = 0 for any z ∈ R.
Our first main result is the following uniform linear structural stability of Hagen-Poiseuille
flows, which plays a crucial role in proving local uniqueness.
Theorem 1.1. Assume that F = F (r, z) ∈ L2(Ω) is axisymmetric, the linear problem (5)
and (6) has a unique axisymmetric solution v which satisfies
(7) ‖v‖
H
5
3 (Ω)
≤ C‖F ‖L2(Ω),
and
(8) ‖v‖H2(Ω) ≤ C(1 + Φ 14 )‖F ‖L2(Ω),
where C is a uniform constant independent of F and Φ.
Several remarks with respect to Theorem 1.1 are in order.
Remark 1.1. The key point of Theorem 1.1 is that the constant C in (7) does not depend
on Φ, which provides a uniform estimate for the axisymmetric solutions of (5) and (6).
Remark 1.2. Here we would like to mention that our results also shed lights on hydrody-
namical stability of Hagen-Poiseuille flows in an infinitely long pipe, which is a longstanding
problem ( [6]). One of the key issues is to investigate the following eigenvalue problem
(9)
 sv + u¯ · ∇v + v · ∇u¯−
1
Re
∆v +∇P = F , in Ω,
div v = 0, in Ω,
supplemented with the condition (6), where u¯ = (1− r2)ez. The computations by Meseguer
and Trefethen [27] indicate that the L2-norm of the resolvent operator R(s), the solution
operator for (9) and (6), is maximized at s = 0 and depends on the Reynolds number Re
as ‖R(0)‖ ∼ Re2. Given v˜ = R(0)F˜ , then v = v˜ satisfies (5)-(6) with F = ReF˜ and
Φ = πRe
2
. Therefore, it follows from Theorem 1.1 that
(10) ‖v˜‖L2(Ω) = ‖v‖L2(Ω) ≤ C‖F ‖L2(Ω) = CRe‖F˜ ‖L2(Ω).
This implies that
‖R(0)‖L2→L2 ≤ CRe.
4 YUN WANG AND CHUNJING XIE
Therefore, Theorem 1.1 not only answers the problem left by Asen and Kreiss [6, p. 461]
about the estimate for the resolvent operator R(0) in the axisymmetric case, but also shows
that the norm estimate for the resolvent computed in [27] can be improved in the axisymmetric
setting. The linear stability of Poiseuille flows in a pipe for the solutions periodic in z-
direction was obtained in [11,16].
Making use of the uniform estimates for the linear problem, we have the following results
on uniform nonlinear structural stability.
Theorem 1.2. Assume that F = F (r, z) ∈ L2(Ω) is axisymmetric. There exists a constant
ε0, independent of F and Φ, such that if
(11) ‖F ‖L2(Ω) ≤ ε0,
then the steady Navier-Stokes system (1) supplemented with the boundary condition (4) has
a unique axisymmetric solution u satisfying the estimate
(12) ‖u− U¯‖
H
5
3 (Ω)
≤ C‖F ‖L2(Ω),
and
(13) ‖u− U¯‖H2(Ω) ≤ C(1 + Φ 14 )‖F ‖L2(Ω).
Here C is a uniform constant independent of Φ.
There are a few remarks in order.
Remark 1.3. Theorem 1.2 gives the unique existence of steady solutions for the Navier-
Stokes system near the Hagen-Poiseuille flow. The key point of Theorem 1.2 is that the flux
of the flow can be arbitrarily large, and the constant C in (12) is independent of the flux. So
Theorem 1.2 provides uniform structural stability of Hagen-Poiseuille flows with respect to
the flux. This is the main difference between Theorem 1.2 and the results in previous work
where the flux must be small or satisfy certain relation with the viscosity, and the magnitude
of the force depends on the viscosity, [3, 4, 23].
Remark 1.4. In the forthcoming paper [37], we will show the results similar to Theorems
1.1 and 1.2 are also true for axisymmetric flows satisfying Navier slip boundary conditions.
Inspired by the method in this paper, we proved the structural stability for Poiseuille flows in
a two dimensional strip with Navier slip boundary conditions [38].
Remark 1.5. In fact, using the ideas in this paper, we can even prove the existence of
solutions for nonlinear Navier-Stokes equations when F is big in certain spaces, see [39]
for these improved estimates and the asymptotic behavior for the solutions of Navier-Stokes
system in a pipe.
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Here we outline some key observations and techniques in this paper. First, it is observed
that for the axisymmetric solutions to the linearized system around Hagen-Poiseuille flows,
the equation for the swirl velocity is decoupled from the ones for other unknowns. And
the major part of the analysis is for the axial and radial velocity components, which is
equivalent to a fourth order equation for the stream function. The main difficulty for the
linear structural stability corresponds to the analysis for a non-self adjoint operator with
large coefficients. After taking Fourier transform with respect to the axial variable, the
linearized problem for the stream function is reduced to a fourth order complex ODE with
frequency as a parameter. We deal with all frequencies simultaneously. The estimate derived
from the imaginary part, together with an elementary inequality ((255) in Lemma A.3) used
to deal with the degeneracy of the flow near the boundary, gives the estimate for the real
part, which consists the basic a priori estimate for the linearized problem. However, these
estimates do not give uniform stability. In order to deal with the flow with large flux, we
analyze the problem by different methods when the frequencies are different. The most
involved situation comes from the case with large flux and intermediate frequency. Inspired
by the study on two dimensional fast rotating flows in [14], we decompose the solutions of
the linearized axisymmetric Navier-Stokes system in a pipe into four parts. The first part is
an axisymmetric solution of the same linearized system supplemented with the slip boundary
conditions, while the rest parts correspond to the boundary layer corrections of the solutions.
More precisely, the boundary layer corrections contain three parts, one of them is an exact
solution of the boundary layer equations, the other part is an exact irrotational solution of
the linearized Navier-Stokes system which associates with the modified Bessel function of
the first kind, while the last one corresponds to remainders after we take care of all the above
leading parts.
The organization of the paper is as follows. In Section 2, the stream function formulation
for the linear problem (5) and (6) in the axisymmetric case is established and some basic a
priori estimates for the stream function are given. The uniform a priori estimate of the swirl
velocity is established in Section 3. The existence and regularity of solutions are provided in
Sections 4 and 5, respectively. The uniform a priori estimate for the case with large flux is
obtained in Section 6. The estimate is established via different analysis for the problem with
different frequencies. With the aid of the analysis on the associated linearized problem and
a fixed point argument, the uniform nonlinear structural stability of Hagen-Poiseuille flows
in axisymmetric case is proved in Section 7. Two appendices are included. The first one
collects some important lemmas and their proofs which are used in the paper. The detailed
analysis for the vorticity is given in the second appendix.
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2. Stream function formulation and a priori estimate
This section devotes to the study on the linearized problem (5) and (6) for axisymmetric
solutions. We will make full use of the fact that the equation for the swirl velocity decouples
from the equations for radial and axial velocity. After introducing the stream function, one
can reduce the equations for the axial and radial velocity into a single fourth order equation.
Taking Fourier transform with respect to the axial variable z induces a fourth order complex
ODE for the stream function, where the frequency is regarded as a parameter. These are
presented in §2.1. The careful energy estimate for both the imaginary and the real parts of the
complex ODE gives a good estimate for the solutions for all the frequencies simultaneously.
Although these estimates are not uniform with respect to the fluxes, they are enough for
getting the existence of solutions for the associated linear problem for the stream function.
2.1. Stream function formulation. In terms of the cylindrical coordinates, an axisym-
metric solution v can be written as
v = vr(r, z)er + v
z(r, z)ez + v
θ(r, z)eθ.
Then the equations (5) become
(14)

U¯(r)
∂vr
∂z
+
∂P
∂r
−
[
1
r
∂
∂r
(
r
∂vr
∂r
)
+
∂2vr
∂z2
− v
r
r2
]
= F r in D,
vr
∂U¯
∂r
+ U¯(r)
∂vz
∂z
+
∂P
∂z
−
[
1
r
∂
∂r
(
r
∂vz
∂r
)
+
∂2vz
∂z2
]
= F z in D,
∂rv
r + ∂zv
z +
vr
r
= 0 in D,
and
(15) U¯(r)∂zv
θ −
[
1
r
∂
∂r
(
r
∂vθ
∂r
)
+
∂2vθ
∂z2
− v
θ
r2
]
= F θ, in D.
Here F r, F z, and F θ are the radial, axial, and azimuthal component of F , respectively, and
D = {(r, z) : r ∈ (0, 1), z ∈ R}. The Dirichlet boundary conditions and the flux constraint
(6) can be written as
(16) vr(1, z) = vz(1, z) = 0,
∫ 1
0
rvz(r, z) dr = 0,
and
(17) vθ(1, z) = 0.
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It follows from the third equation in (14) that there exists a stream function ψ(r, z)
satisfying
(18) vr = ∂zψ and v
z = −∂r(rψ)
r
.
Then the azimuthal vorticities of v and F are written as
ωθ = ∂zv
r − ∂rvz = ∂
∂r
(
1
r
∂
∂r
(rψ)
)
+ ∂2zψ and f = ∂zF
r − ∂rF z,
respectively. It follows from the first two equations in (14) that
(19) U¯(r)∂zω
θ −
(
∂2r + ∂
2
z +
1
r
∂r
)
ωθ +
ωθ
r2
= f.
Denote
L = ∂
∂r
(
1
r
∂
∂r
(r·)
)
=
∂2
∂r2
+
1
r
∂
∂r
− 1
r2
.
Then ψ satisfies the following fourth order equation,
(20) U¯(r)∂z(L+ ∂2z )ψ − (L+ ∂2z )2ψ = f.
Next, we derive the boundary conditions for ψ. As discussed in [26], in order to get
classical solutions, some compatibility conditions at the axis should be imposed. Assume
that v and the vorticity ω are continuous, vr(0, z) and ωθ(0, z) should vanish, which implies
that
∂zψ(0, z) = (L+ ∂2z )ψ(0, z) = 0.
Without loss of generality, one can assume that ψ(0, z) = 0. Hence, the following compati-
bility condition holds at the axis,
(21) ψ(0, z) = Lψ(0, z) = 0.
On the other hand, it follows from (16) that∫ 1
0
∂r(rψ)(r, z) dr = −
∫ 1
0
rvz dr = 0.
This, together with (21), gives
(22) ψ(1, z) = lim
r→0+
(rψ)(r, z) = 0.
Moreover, according to the Dirichlet boundary condition for v,
∂
∂r
(rψ)|r=1 = rvz|r=1 = 0,
which implies that
(23)
∂ψ
∂r
(1, z) = 0.
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In this paper, for a given function g(r, z), define its Fourier transform with respect to z
variable by
gˆ(r, ξ) =
∫
R1
g(r, z)e−iξzdz.
We take the Fourier transform with respect to z for the equation (20). For each fixed ξ, ψˆ
satisfies
(24) iξU¯(r)(L− ξ2)ψˆ − (L− ξ2)2ψˆ = fˆ .
Furthermore, the boundary conditions (21)-(23) can be written as
(25) ψˆ(0) = ψˆ(1) = ψˆ′(1) = 0 and Lψˆ(0) = 0.
2.2. A priori estimates for the stream function. In this subsection, we derive some a
priori estimates for the linear problem (24)-(25), which guarantee the existence of solutions.
The estimates consist in the following two lemmas.
Lemma 2.1. Let ψˆ(r, ξ) be a smooth solution of the problem (24)–(25). then one has
(26)
∫ 1
0
|Lψ|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr ≤ C ∫ 1
0
|fˆ |2r dr.
Proof: Multiplying (24) by rψˆ (here and later on ψˆ denots the complex conjugate of ψˆ) and
integrating the resulting equation over [0, 1] yield
(27)
∫ 1
0
[
iξU¯(r)(L − ξ2)ψˆ − (L− ξ2)2ψˆ
]
ψˆr dr =
∫ 1
0
fˆ ψˆr dr.
For the first term on the left hand of (27), it follows from integration by parts and the
homogeneous boundary conditions (25) for ψˆ that
(28)
∫ 1
0
iξU¯(r)(L− ξ2)ψˆψˆr dr
= iξ
∫ 1
0
U¯(r)
d
dr
(
1
r
d
dr
(rψˆ)
)
rψˆ dr − iξ3
∫ 1
0
U¯(r)|ψˆ|2r dr
= i
4Φ
π
ξ
∫ 1
0
d
dr
(rψˆ)rψˆ dr − iξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr − iξ3 ∫ 1
0
U¯(r)|ψˆ|2r dr.
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While for the second term on the left hand of (27), one has
(29)
∫ 1
0
(L − ξ2)2ψˆψˆr dr
=
∫ 1
0
d
dr
(
1
r
d
dr
(rLψˆ)
)
ψˆr dr − 2ξ2
∫ 1
0
d
dr
(
1
r
d
dr
(rψˆ)
)
ψˆr dr + ξ4
∫ 1
0
|ψˆ|2r dr
=
∫ 1
0
|Lψˆ|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr.
From now on, we denote ℑg and ℜg by the imaginary and real part of g (a function or a
number), respectively. It follows from (27)-(29) that
(30)
∫ 1
0
|Lψˆ|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr
= − ℜ
∫ 1
0
fˆ ψˆr dr − 4Φ
π
ξℑ
∫ 1
0
[
d
dr
(rψˆ)rψˆ
]
dr,
and
(31)
− 4Φ
π
ξℜ
∫ 1
0
[
d
dr
(rψˆ)rψˆ
]
dr + ξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + ξ3 ∫ 1
0
U¯(r)|ψˆ|2r dr
= − ℑ
∫ 1
0
fˆ ψˆr dr.
Note that the homogeneous boundary conditions for ψˆ implies
ℜ
∫ 1
0
d
dr
(rψˆ)rψˆ dr = 0.
Hence the expression (31) can be rewritten as
(32) ξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + ξ3 ∫ 1
0
U¯(r)|ψˆ|2r dr = −ℑ
∫ 1
0
fˆ ψˆr dr.
Substituting the explicit expression of U¯(r) into the above equation yields
(33) Φ|ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr + Φ|ξ|3
∫ 1
0
∣∣∣ψˆ∣∣∣2 r(1− r2) dr ≤ C ∫ 1
0
|fˆ ψˆ|r dr.
By Lemma A.3, (33), together with Cauchy-Schwarz inequality, implies that
(34) Φ2ξ2
∫ 1
0
|ψˆ|2r dr ≤ C
∫ 1
0
|fˆ |2r dr.
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Now we estimate the second term on the right hand side of (30). By Lemma A.1 and the
inequality (34), one has
(35)
∣∣∣∣4Φπ ξ
∫ 1
0
d
dr
(rψˆ)rψˆ dr
∣∣∣∣ ≤14
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + CΦ2ξ2
∫ 1
0
|ψˆ|2r dr
≤1
4
∫ 1
0
|Lψˆ|2r dr + C
∫ 1
0
|fˆ |2r dr.
Substituting (35) into (30) and using Cauchy-Schwarz inequality yield (26). This finishes
the proof of Lemma 2.1. ✷
Using the similar idea as in the proof of Lemma 2.1, one has the following higher order a
priori estimates.
Lemma 2.2. Let ψˆ be a smooth solution of the problem (24)–(25). Then it holds that
(36) ξ4
∫ 1
0
∣∣∣Lψˆ∣∣∣2 r dr + ξ6 ∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ8
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr ≤ C(1 + Φ) ∫ 1
0
|fˆ |2r dr
and
(37)
∫ 1
0
|L2ψˆ|2r dr ≤ C(1 + Φ2)
∫ 1
0
|fˆ |2r dr.
Proof: Multiplying (30) by ξ2 gives
(38)
ξ2
∫ 1
0
∣∣∣Lψˆ∣∣∣2 r dr + 2ξ4 ∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr
≤ ξ2
∫ 1
0
|fˆ ||ψˆ|r dr + CΦ|ξ|3
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤ ξ2
∫ 1
0
|fˆ ||ψˆ|r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + CΦ2ξ2
∫ 1
0
|ψˆ|2r dr.
By Lemma A.1, Young’s inequality and the inequality (34), one has
(39) ξ2
∫ 1
0
∣∣∣Lψˆ∣∣∣2 r dr + ξ4 ∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr ≤ C ∫ 1
0
|fˆ |2r dr.
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Similarly, multiplying (30) by ξ4 yields
(40)
ξ4
∫ 1
0
∣∣∣Lψˆ∣∣∣2 r dr + 2ξ6 ∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ8
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr
≤
∫ 1
0
|fˆ ||ξ4ψˆ|r dr + CΦ|ξ|5
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤
∫ 1
0
|fˆ ||ξ4ψˆ|r dr + Φξ4
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + CΦξ6
∫ 1
0
|ψˆ|2r dr.
By Young’s inequality and the inequality (39), one has
(41) ξ4
∫ 1
0
∣∣∣Lψˆ∣∣∣2 r dr + ξ6 ∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ8
∫ 1
0
∣∣∣ψˆ∣∣∣2 r dr ≤ C(1 + Φ) ∫ 1
0
|fˆ |2r dr,
which gives exactly the estimate (36).
Next, we turn to the high order regularity of ψ with respect to r. Multiplying (24) by
rL2ψˆ and integrating over [0, 1] yield
(42)
iξ
∫ 1
0
U¯(r)LψˆL2ψˆr dr − iξ3
∫ 1
0
U¯(r)ψˆL2ψˆr dr
−
∫ 1
0
|L2ψˆ|2r dr + 2ξ2
∫ 1
0
LψˆL2ψˆr dr − ξ4
∫ 1
0
ψˆL2ψˆr dr =
∫ 1
0
fˆL2ψˆr dr.
It follows from the estimates (39) and Cauchy-Schwarz inequality that
(43)
∣∣∣∣ξ ∫ 1
0
U¯(r)LψˆL2ψˆr dr
∣∣∣∣ ≤ CΦ|ξ| ∫ 1
0
|Lψˆ||L2ψˆ|r dr
≤ CΦ2ξ2
∫ 1
0
|Lψˆ|2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
≤ CΦ2
∫ 1
0
|fˆ |2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
and
(44)
∣∣∣∣ξ3 ∫ 1
0
U¯(r)ψˆL2ψˆr dr
∣∣∣∣ ≤ CΦ2ξ6 ∫ 1
0
|ψˆ|2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
≤ CΦ2
∫ 1
0
|fˆ |2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr.
Similarly, according to the estimate (36), one has
(45)
∣∣∣∣2ξ2 ∫ 1
0
LψˆL2ψˆr dr
∣∣∣∣ ≤ Cξ4 ∫ 1
0
|Lψˆ|2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
≤ C(1 + Φ)
∫ 1
0
|fˆ |2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
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and
(46)
∣∣∣∣ξ4 ∫ 1
0
ψˆL2ψˆr dr
∣∣∣∣ ≤ Cξ8 ∫ 1
0
|ψˆ|2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr
≤ C(1 + Φ)
∫ 1
0
|fˆ |2r dr + 1
8
∫ 1
0
|L2ψˆ|2r dr.
Hence, combining all the estimates (42)–(46) gives (37). This finishes the proof of Lemma
2.2. ✷
Remark 2.1. The key point for the a priori estimates obtained in Lemmas 2.1 and 2.2 is
that there is no smallness assumption on the flux Φ. The result reveals that one can still get
the regularity estimate for the solutions of (24) in spite of the existence of convection terms
which could be very large comparing with the diffusion term.
Remark 2.2. In fact, the a priori estimates established in Lemmas 2.1 and 2.2 are enough
to prove the existence of solutions of the problem (24)–(25). The details for the existence of
solutions for the linear problem (24)–(25) are presented in Section 4.
3. Analysis on the linearized problem for swirl velocity
In this section, we give the uniform estimates for vθ, which is defined by vθ = vθeθ.
Assume that v is continuous, then the compatibility conditions at the axis implies that
vθ(0, z) = 0. Hence the problem for vθ can be written as
(47)
 U¯(r)∂zv
θ −
[
1
r
∂
∂r
(
r
∂vθ
∂r
)
+
∂2vθ
∂z2
− v
θ
r2
]
= F θ, in D,
vθ(1, z) = vθ(0, z) = 0.
Proposition 3.1. Assume that F θ = F θeθ ∈ L2(Ω). The smooth solution vθ to the linear
problem (47) satisfies
(48) ‖vθ‖H2(Ω) ≤ C‖F θ‖L2(Ω),
where the constant C is independent of F θ and Φ.
Proof. Taking the Fourier transform with respect to z in the equation (15) yields
(49) iξU¯(r)v̂θ − (L − ξ2)v̂θ = F̂ θ, ξ ∈ R,
and the boundary conditions for v̂θ become
(50) v̂θ(1) = v̂θ(0) = 0.
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Multiplying (49) by rv̂θ and integrating over [0, 1] leads to
(51)
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr = ℜ
∫ 1
0
F̂ θv̂θr dr
and
(52)
2Φ
π
ξ
∫ 1
0
(1− r2)|v̂θ|2r dr = ℑ
∫ 1
0
F̂ θv̂θr dr.
According to Lemma A.1 and the equality (51), it holds that
(53)
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr ≤
∫ 1
0
|F̂ θ|2r dr.
Moreover, it follows from Lemma A.1, Lemma A.6 and (51)-(52) that
(54)
∫ 1
0
|v̂θ|2rdr ≤C
∫ 1
0
(1− r2)|v̂θ|2rdr
+ C
(∫ 1
0
(1− r2)|v̂θ|2rdr
)2
3
(∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr
) 1
3
≤C
(∫ 1
0
(1− r2)|v̂θ|2rdr
)2
3
(∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr
) 1
3
≤C(Φ|ξ|)− 23
∫ 1
0
|F̂ θ||v̂θ|r dr.
Therefore,
(55)
∫ 1
0
|v̂θ|2rdr ≤ C(Φ|ξ|)− 43
∫ 1
0
|F̂ θ|2r dr.
This, together with (51), yields
(56)
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr ≤
(∫ 1
0
|F̂ θ|2rdr
)1
2
(∫ 1
0
|v̂θ|2r dr
) 1
2
≤C(Φ|ξ|)− 23
∫ 1
0
|F̂ θ|2r dr.
Multiplying the equation (49) by r(L− ξ2)v̂θ and integrating over [0, 1] yield
(57) −
∫ 1
0
|(L − ξ2)v̂θ|2r dr = ℜ
∫ 1
0
F̂ θ(L− ξ2)v̂θr dr + 2Φ
π
ξℑ
∫ 1
0
2rv̂θ
d
dr
(rv̂θ) dr.
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Combining (55) and (56) gives
(58)
∣∣∣∣2Φπ ξℑ
∫ 1
0
2rv̂θ
d
dr
(rv̂θ) dr
∣∣∣∣ ≤CΦ|ξ|(∫ 1
0
|v̂θ|2r dr
) 1
2
(∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr
) 1
2
≤C
∫ 1
0
|F̂ θ|2r dr.
Hence, by Young’s inequality, it holds that
(59)
∫ 1
0
(
|Lv̂θ|2 + 2ξ2
∣∣∣∣1r ddr (rv̂θ)
∣∣∣∣2 + ξ4|v̂θ|2
)
r dr =
∫ 1
0
|(L− ξ2)v̂θ|2r dr
≤ C
∫ 1
0
|F̂ θ|2r dr.
Note that vθ satisfies
(60)
{
∆vθ = (L+ ∂2z )vθeθ, in Ω,
vθ = 0 on ∂Ω.
Indeed, the proof of for the validity of (60) is almost the same as that of (97), which can be
found in Appendix B, so we omit the details here. Applying the regularity theory for elliptic
equations [15] yields
(61) ‖vθ‖H2(Ω) ≤ C‖(L+ ∂2z )vθ‖L2(Ω) + C‖vθ‖L2(Ω) ≤ C‖F θ‖L2(Ω).
This finishes the proof of Proposition 3.1. 
4. Existence of solutions for the linearized problem
In this section, we use Galerkin method to prove the existence of solutions to the problem
(24)-(25) for each fixed ξ, give a sketch of the existence proof of solutions to the problem
(47) on the swirl velocity.
The following function spaces will be needed.
Definition 4.1. Denote
X =
{
ϕ ∈ C∞([0, 1]) : ϕ(1) = ϕ′(1) = 0, lim
r→0+
Lkϕ(r) = 0, lim
r→0+
d
dr
(rLkϕ)(r) = 0, k ∈ N
}
.
Let X0 be the completion of C
∞([0, 1]) under the norm
‖ϕ‖X0 :=
(∫ 1
0
|ϕ|2r dr
)1/2
.
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Let X4 be the closure of X with respect to the following X4-norm,
‖ϕ‖2X4 :=
∫ 1
0
(|ϕ|2 + |Lϕ|2 + |L2ϕ|2) r dr.
In order to apply Galerkin method, one needs to construct an orthonormal basis for X0.
Our strategy is to seek a basis in the function space X4. To this end, we need some properties
of functions in X4.
Lemma 4.1. Let ϕ ∈ X4. Then ϕ, ddr (rϕ), Lϕ, ddr (rLϕ) ∈ C([0, 1]),
(62) ϕ(0) = ϕ(1) =
d
dr
(rϕ)(1) = Lϕ(0) = 0,
and
(63) lim
r→0+
1√
r
d
dr
(rϕ) = lim
r→0+
1√
r
d
dr
(rLϕ) = 0.
Moreover, there exists a positive constant C independent of ϕ, such that
(64)
∫ 1
0
|ϕ|2
r
dr +
∫ 1
0
∣∣∣∣dϕdr
∣∣∣∣2 r dr ≤ C ∫ 1
0
|Lϕ|2r dr,
and
(65)
∫ 1
0
∣∣∣∣ ddr (rLϕ)
∣∣∣∣2 1r dr +
∫ 1
0
|Lϕ|2
r
dr +
∫ 1
0
∣∣∣∣ ddrLϕ
∣∣∣∣2 r dr ≤ C‖ϕ‖2X4.
Proof. Suppose that {ϕn} ⊆ X is a sequence which converges to ϕ in X4. It follows from
the proof of Lemma A.1 that∫ 1
0
∣∣∣∣ ddr (rϕn)
∣∣∣∣2 1r dr ≤
∫ 1
0
|Lϕn|2 r dr ≤ ‖ϕn‖2X4 .
For every r ∈ [0, 1],
|rϕn(r)| =
∣∣∣∣∫ r
0
d
ds
[sϕn(s)]ds
∣∣∣∣ ≤ √2r
(∫ 1
0
∣∣∣∣ dds [sϕn(s)]
∣∣∣∣2 1s ds
) 1
2
,
which gives that
(66) sup
r∈[0,1]
|ϕn(r)| ≤
√
2
2
(∫ 1
0
∣∣∣∣ dds [sϕn(s)]
∣∣∣∣2 1s ds
) 1
2
≤
√
2
2
‖ϕn‖X4 .
The inequality (66) also holds for ϕn − ϕm. Hence, ϕ ∈ C([0, 1]), and
ϕ(0) = lim
n→+∞
ϕn(0) = 0, ϕ(1) = lim
n→+∞
ϕn(1) = 0.
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Similarly, one has∣∣∣∣d(rϕn)dr 1r
∣∣∣∣ = ∣∣∣∣−∫ 1
r
Lϕn ds
∣∣∣∣ ≤ [∫ 1
0
|Lϕn|2s ds
] 1
2
[∫ 1
r
1
s
ds
] 1
2
,
which implies that
(67)
∣∣∣∣d(rϕn)dr
∣∣∣∣ ≤ r| ln r| 12 [∫ 1
0
|Lϕn|2s ds
] 1
2
.
Hence, d(rϕ)
dr
∈ C([0, 1]), and
(68)
[
1
r
d(rϕ)
dr
]
(1) = 0, lim
r→0+
1√
r
d(rϕ)
dr
= 0.
Moreover, one has
(69) |rϕn(r)| ≤
∫ r
0
∣∣∣∣ dds [sϕn(s)]
∣∣∣∣ ds ≤ ∫ r
0
s| ln s| 12 ds
[∫ 1
0
|Lϕn|2s ds
] 1
2
,
which implies that
(70) |ϕn(r)| ≤ Cr 34
[∫ 1
0
|Lϕn|2s ds
] 1
2
,
and consequently
(71)
∫ 1
0
|ϕn|2
r
dr ≤ C
∫ 1
0
|Lϕn|2s ds ≤ C‖ϕn‖2X4 .
Meanwhile, one has
(72)
∫ 1
0
∣∣∣∣dϕndr
∣∣∣∣2 r dr ≤ 2 ∫ 1
0
∣∣∣∣ ddr (rϕn)
∣∣∣∣2 1r dr + 2
∫ 1
0
|ϕn|2
r
dr ≤ C
∫ 1
0
|Lϕn|2r dr.
Finally, taking the limit for ϕn shows that the inequalities (69)–(72) hold also for ϕ.
For every 0 ≤ r ≤ 1, one has
|rLϕn(r)| =
∣∣∣∣∫ r
0
d
ds
(sLϕn) ds
∣∣∣∣ ≤ C
[∫ r
0
∣∣∣∣ dds(sLϕn)
∣∣∣∣2 1s ds
]1
2
r,
which together with (244) in Lemma A.2 implies that
(73) |Lϕn(r)| ≤ C
[∫ 1
0
∣∣∣∣ ddr (sLϕn)
∣∣∣∣2 1s ds
] 1
2
≤ C‖ϕn‖X4 .
Hence, taking the limit for ϕn gives that
Lϕ ∈ C([0, 1]) and lim
r→0+
Lϕ(r) = 0.
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Similarly,
(74)
∣∣∣∣1r ddr (rLϕn)
∣∣∣∣ = ∣∣∣∣ ddr (rLϕn)(1)−
∫ 1
r
d
ds
[
1
s
d
ds
(sLϕn)
]
ds
∣∣∣∣
≤
∣∣∣∣ ddr (rLϕn)(1)
∣∣∣∣+ (∫ 1
0
|L2ϕn|2s ds
)1
2
| ln r| 12
≤ C‖ϕn‖X4
(
1 + | ln r| 12
)
,
where we used the inequality (246) in Lemma A.2 for the last inequality. Therefore, taking
the limit for ϕn yields that
d
dr
(rLϕ) ∈ C([0, 1]) and lim
r→0+
1√
r
d
dr
(rLϕ) = 0.
Similar to the estimate above, one can get that
(75) |rLϕ(r)| ≤
∫ r
0
∣∣∣∣ dds [sLϕ(s)]
∣∣∣∣ ds ≤ C ∫ r
0
(
s+ s| ln s| 12
)
ds‖ϕ‖X4 ≤ Cr
7
4‖ϕ‖X4,
and
(76)
∣∣∣∣ ddr (Lϕ)(r)
∣∣∣∣ = ∣∣∣∣1r ddr (rLϕ)− Lϕr
∣∣∣∣ ≤ C (r− 14 + | ln r| 12) ‖ϕ‖X4.
Hence,
(77)
∫ 1
0
∣∣∣∣ ddr (rLϕ)
∣∣∣∣2 1r dr +
∫ 1
0
|Lϕ|2
r
dr +
∫ 1
0
∣∣∣∣ ddr (Lϕ)
∣∣∣∣2 r dr ≤ C‖ϕ‖X4.
This finishes the proof of Lemma 4.1. 
Based on Lemma 4.1, one can obtain the following compactness result.
Lemma 4.2. X4 is compactly embedded into X0.
Proof. Assume that {ϕn} is a bounded sequence in X4. Owing to Lemma 4.1, it holds that∫ 1
0
∣∣∣∣dϕndr
∣∣∣∣2 r dr + ∫ 1
0
|ϕn|21
r
dr ≤ C‖ϕn‖2X4.
Therefore, if ϕn is regarded as a radially symmetric function defined on B1(0) ⊂ R2, then
{ϕn} is a bounded sequence in H1(B1(0)). It is well-known that H1(B1(0)) is compact in
L2(B1(0)). Hence there is a subsequence of {ϕn} (still labelled by {ϕn}) and a radially
symmetric function ϕ, such that {ϕn} converges to ϕ in L2(B1(0)). Hence, {ϕn} converges
to ϕ in X0, which completes the proof of Lemma 4.2. 
Before discussing the eigenfunctions of the differential operator L2, we study first the
existence of solutions to the associated PDE.
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Lemma 4.3. Given g ∈ X0, the following problem
(78)
{L2ϕ = g, in (0, 1),
ϕ(0) = Lϕ(0) = ϕ(1) = ϕ′(1) = 0,
has a unique solution ϕ ∈ X4, and it holds that
‖ϕ‖X4 ≤ C‖g‖X0,
where the constant C is independent of g.
Proof. We do not construct the solution to the problem (78) directly. Instead, we consider
the following boundary value problem for a fourth order equation on B41(0) ⊂ R4,
(79)

∆24φ = G, in B
4
1(0),
φ =
∂φ
∂n
= 0, on ∂B41(0),
where B41(0) is the unit ball centered at the origin in R
4,
∆4 =
4∑
i=1
∂2xi and G(x1, x2, x3, x4) = g(r)/r with r =
(
4∑
i=1
x2i
) 1
2
.
According to the classical theory for elliptic equations [1], there exists a unique solution
φ ∈ H4(B41(0)), satisfying
(80) ‖φ‖H4(B4
1
(0)) ≤ C‖G‖L2(B4
1
(0)) = C‖g‖X0.
Since G is a radially symmetric function, due to the rotational invariance of ∆4 and the
uniqueness of solution to the problem (79), φ is also a radially symmetric function, i.e.,
φ(x1, x2, x3, x4) = φ(r).
Let ϕ(r) = rφ(r). It can be verified that
Lϕ =
(
d2
dr2
+
1
r
d
dr
− 1
r2
)
(rφ) = r
(
d2
dr2
+
3
r
d
dr
)
φ = r∆4φ.
Similarly,
L2ϕ = L(Lϕ) = L(r∆4φ) = r∆24φ = g.
Hence,
(81)
‖ϕ‖2X4 =
∫ 1
0
(|L2ϕ|2 + |Lϕ|2 + |ϕ|2) r dr = ∫ 1
0
(|∆24φ|2 + |∆4φ|2 + |φ|2) r3 dr
≤ C‖φ‖2H4(B4
1
(0)) ≤ C‖g‖2X0.
In fact, the function G can be approximated by a sequence of smooth radially symmetric
functions {Gn} in L2(B41(0)). The corresponding solutions {φn} ⊆ C∞(B41(0)), which implies
STABILITY OF HAGEN-POISEUILLE FLOWS 19
{ϕn = rφn} ⊆ X . Hence, the solution ϕ can be approximated by {ϕn} ⊆ X under X4-norm,
thus ϕ ∈ X4. It follows from Lemma 4.1 that ϕ satisfies the boundary conditions in (78).
Therefore, ϕ is a solution to the problem (78).
Finally, we prove the uniqueness. Suppose ϕ1 and ϕ2 are both solutions to (78) in X4.
Taking ϕ1 − ϕ2 as a test function, by virtue of Lemma 4.1,
0 =
∫ 1
0
L2(ϕ1 − ϕ2)(ϕ1 − ϕ2)r dr
= −
∫ 1
0
1
r
d
dr
(rLϕ1 − rLϕ2) d
dr
[
r(ϕ1 − ϕ2)
]
dr +
d
dr
(rLϕ1 − rLϕ2)(1)(ϕ1 − ϕ2)(1)
− lim
r→0+
d
dr
(rLϕ1 − rLϕ2)(r) lim
r→0+
(ϕ1 − ϕ2)(r)
= −
∫ 1
0
1
r
d
dr
(rLϕ1 − rLϕ2) d
dr
[
r(ϕ1 − ϕ2)
]
dr
=
∫ 1
0
|L(ϕ1 − ϕ2)|2r dr − (Lϕ1 −Lϕ2)(1) d
dr
[r(ϕ1 − ϕ2)](1)
+ lim
r→0+
(Lϕ1 − Lϕ2)(r) lim
r→0+
d
dr
[r(ϕ1 − ϕ2)]
=
∫ 1
0
|L(ϕ1 − ϕ2)|2r dr.
Hence, one has ∫ 1
0
|ϕ1 − ϕ2|2r dr ≤ C
∫ 1
0
|L(ϕ1 − ϕ2)|2r dr = 0,
which implies the uniqueness of solutions to (78). This finishes the proof of Lemma 4.3. 
Now we are ready to show the existence of orthonormal basis for X0.
Proposition 4.4. There exists an orthonormal basis {ϕn} ⊂ X4 for X0.
Proof. Suppose that ϕ is the unique solution to (78). Define the solution operator as ϕ =
Mg. Since ∫ 1
0
Mgg¯r dr =
∫ 1
0
ϕL2ϕr dr =
∫ 1
0
|Lϕ|2r dr ∈ R,
M is a symmetric operator on X0.
It follows from Hilbert-Schmidt theory ( [24]) and Lemma 4.2 that there exists an or-
thonormal basis of X0. In fact, the basis consists of the eigenfunctions of the operator
M. 
Now for every ξ ∈ R, the existence of a solution ψˆ can be obtained by the standard Galerkin
approximation method together with the a priori estimates. Since all the a priori estimates
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hold for the approximate solutions, they also hold for the solution ψˆ. The uniqueness of the
solution to (24)-(25) can also be established by a priori estimates.
Definition 4.2. Define a function space as
C∞∗ (D) =
ϕ(r, z)
∣∣∣∣∣∣∣∣
ϕ ∈ C∞c ([0, 1]× R), ϕ(1, z) =
∂ϕ
∂r
(1, z) = 0,
and lim
r→0+
Lkϕ(r, z) = lim
r→0+
∂
∂r
(rLkϕ)(r, z) = 0, k ∈ N
 .
The H4r (D)-norm is defined as follows,
‖ϕ‖2H4r (D) :=
∫ +∞
−∞
∫ 1
0
(|Lϕˆ|2 + ξ4|ϕˆ|2) r drdξ + ∫ +∞
−∞
∫ 1
0
(|L2ϕˆ|2 + ξ4|Lϕˆ|2 + ξ8|ϕˆ|2) r drdξ.
Let H4∗ (D) denote the closure of C
∞
∗ (D) under the H
4
r (D)-norm. Define
L2r(D) =
{
f(r, z) : ‖f‖2L2r(D) =
∫ +∞
−∞
∫ 1
0
|f |2r drdz < +∞
}
.
The existence result for ψ follows from the a priori estimates established in Section 2 .
Proposition 4.5. Assume that f(r, z) ∈ L2r(D). There exists a unique solution ψ ∈ H4∗ (D)
to the linear system (20)–(23), and a positive constant C, which is independent of f and Φ,
such that
‖ψ‖H4r (D) ≤ C(1 + Φ)‖f‖L2r(D).
Let us discuss the existence of solutions for the problem (47) on the swirl velocity. For
every fixed ξ ∈ R, when Φ = 0, the existence of vθ is obtained by standard Galerkin
method. When Φ 6= 0, the existence of solutions for the problem (47) is obtained by the
continuity method ( [15]) and the a priori estimates derived in Section 3. The uniqueness
of the solutions for (47) also follows from the a priori estimate (48). Therefore, we have the
following existence result.
Proposition 4.6. Assume that F θ ∈ L2(Ω). There exists a unique solution vθ to the linear
system (47) and a positive constant C, which is independent of F θ and Φ, such that
‖vθ‖H2(Ω) ≤ C‖F θ‖L2(Ω).
5. Regularity of the Velocity field
In this section, we first give more properties of functions in H4∗ (D), and then give the
regularity of v.
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Lemma 5.1. Let ϕ be a function in H4∗ (D) defined in Definition 4.2. Then there exists a
positive constant C, independent of ϕ, such that
(82)
∫ +∞
−∞
∫ 1
0
(
|ϕˆ|2 + ξ2|ϕˆ|2 + ξ2|Lϕˆ|2 +
∣∣∣∣ ∂∂r (Lϕˆ)
∣∣∣∣2 + ξ4 ∣∣∣∣ ∂∂r ϕˆ
∣∣∣∣2 + ξ6|ϕˆ|2
)
r drdξ
+
∫ +∞
−∞
∫ 1
0
(∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 + ξ6 ∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 + ξ2 ∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2
)
1
r
drdξ
≤ C‖ϕ‖2H4r (D).
Proof. For simplicity, assume that ϕ ∈ C∞∗ (D), which is defined in Definition 4.2. Following
the proof of Lemma A.1, due to the homogeneous boundary conditions for ϕ, we have
(83)
∫ +∞
−∞
∫ 1
0
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r drdξ ≤
∫ +∞
−∞
∫ 1
0
|Lϕˆ|2r drdξ ≤ ‖ϕ‖2H4r (D),
and
(84)
∫ +∞
−∞
∫ 1
0
|ϕˆ|2r drdξ ≤
∫ +∞
−∞
∫ 1
0
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r drdξ ≤ ‖ϕ‖2H4r (D).
Furthermore, it follows from Cauchy-Schwarz inequality that one has
(85)
∫ +∞
−∞
∫ 1
0
(
ξ2|ϕˆ|2 + ξ6|ϕˆ|2 + ξ2|Lϕˆ|2) r drdξ ≤ C‖ϕ‖2H4r (D).
Similarly, integration by parts, together with the homogeneous boundary conditions for
rϕ, yields
ξ6
∫ 1
0
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r dr = −ξ6
∫ 1
0
Lϕˆϕˆr dr ≤ ξ8
∫ 1
0
|ϕˆ|2r dr + ξ4
∫ 1
0
|Lϕˆ|2r dr,
which implies
(86)
∫ +∞
−∞
∫ 1
0
ξ6
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r drdξ ≤ C‖ϕ‖2H4r (D).
It follows from Lemma 4.1 that
(87)
∫ +∞
−∞
∫ 1
0
ξ4
∣∣∣∣ ∂∂r ϕˆ
∣∣∣∣2 r drdξ ≤ C ∫ +∞−∞
∫ 1
0
ξ4|Lϕˆ|2r drdξ ≤ C‖ϕ‖H4r (D).
Moreover, for every ξ ∈ R, using (244) in Lemma A.2 gives
(88)
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr ≤ C
∫ 1
0
|Lϕˆ|2r dr + C
(∫ 1
0
|Lϕˆ|2r dr
)1
2
(∫ 1
0
|L2ϕˆ|2r dr
) 1
2
.
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For every fixed ξ ∈ R, it holds that
(89)
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr = −
∫ 1
0
L2ϕˆLϕˆr dr + ∂
∂r
(rLϕˆ)(1)Lϕˆ(1).
Multiplying (89) by ξ2 gives
(90)
ξ2
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr = −ξ2
∫ 1
0
Lϕˆ · L2ϕˆr dr + ξ2 ∂
∂r
(rLϕˆ)(1)Lϕˆ(1)
≤ 1
2
ξ4
∫ 1
0
|Lϕˆ|2r dr + 1
2
∫ 1
0
|L2ϕˆ|2r dr + |ξ|3 |Lϕˆ(1)|2 + |ξ|
∣∣∣∣ ∂∂r (rLϕˆ)(1)
∣∣∣∣2 .
According to Lemma A.2, one has
|ξ|3 |Lϕˆ(1)|2
≤ 8|ξ|3
∫ 1
0
|Lϕˆ|2r dr + 8|ξ|3
(∫ 1
0
|Lϕˆ|2r dr
)1
2
(∫ 1
0
∣∣∣∣ ∂∂r (rLψˆ)
∣∣∣∣2 1r dr
) 1
2
≤ 8
(∫ 1
0
|Lϕˆ|2r dr
) 1
4
(
ξ4
∫ 1
0
|Lϕˆ|2r dr
) 3
4
+ 8
(
ξ4
∫ 1
0
|Lϕˆ|2r dr
)1
2
(
ξ2
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr
) 1
2
.
Similarly, it follows from (245) in Lemma A.2 that one has
|ξ|
∣∣∣∣ ∂∂r (rLϕˆ)(1)
∣∣∣∣2
≤ 4|ξ|
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr + 4|ξ|
(∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr
) 1
2
(∫ 1
1
2
|L2ϕˆ|2r dr
) 1
2
≤ 4
(∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr
) 1
2
(
ξ2
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr
) 1
2
+ 8
(
ξ2
∫ 1
0
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r dr
) 1
2
(∫ 1
0
|L2ϕˆ|2r dr
) 1
2
.
Using Young’s inequality yields
(91)
∫ +∞
−∞
∫ 1
0
ξ2
∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r drdξ ≤ C‖ϕ‖2H4r (D).
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Finally, according to the proof of Lemma 4.1, it holds that
(92)
∫ +∞
−∞
∫ 1
0
∣∣∣∣ ∂∂rLϕˆ
∣∣∣∣2 r drdξ ≤ C ∫ +∞−∞ ‖ϕˆ(·, ξ)‖2X4 dξ ≤ C‖ϕ‖2H4r (D).
This finishes the proof of Lemma 5.1. 
Let
v∗ = vrer + vzez = ∂zψer − ∂r(rψ)
r
ez,
and
ωθ(x, y, z) = ωθ(r, z)eθ = (L+ ∂2z )ψeθ.
Now we are ready to investigate the regularity of v∗ and ωθ. First, we give the L2(Ω)-bound
of v∗ and ωθ.
Lemma 5.2. Assume that ψ ∈ H4∗ (D). There exists a constant C, independent of ψ, such
that
‖v∗‖L2(Ω) + ‖ωθ‖L2(Ω) ≤ C‖ψ‖H4r (D).
Proof. Note that v̂r = iξψˆ and v̂z = −1
r
∂r(rψˆ). By virtue of Lemma 5.1, one has
(93) ‖vr‖2L2(Ω) =
∫ +∞
−∞
∫ 1
0
ξ2|ψˆ|2r drdξ ≤ C‖ψ‖2H4r (D)
and
(94) ‖vz‖2L2(Ω) =
∫ +∞
−∞
∫ 1
0
∣∣∣∣ ∂∂r (rψˆ)
∣∣∣∣2 1r drdξ ≤ C‖ψ‖2H4r (D).
It follows from (93) and (94) that
(95) ‖v∗‖L2(Ω) ≤ C‖ψ‖H4r (D).
Since ωθ = (L+ ∂2z )ψ, using Lemma 5.1 again gives∫ +∞
−∞
∫ 1
0
|ω̂θ|2r drdξ =
∫ +∞
−∞
∫ 1
0
|(L− ξ2)ψˆ|2r drdξ ≤ C‖ψ‖2H4r (D).
Therefore,
(96) ‖ωθ‖L2(Ω) ≤ C‖ψ‖H4r (D).
This, together with (95), proves Lemma 5.2. 
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Next, we derive the H2(Ω)-estimate for ωθ. In order to get the global regularity of ωθ in
Ω, we have to analyze the behavior of ωθ near the axis very carefully since it may contain
singularities there. The key point is to use the following equation for ωθ,
(97) ∆ωθ = (L+ ∂2z )2ψeθ, in Ω.
However, there is no proper boundary conditions for ωθ. Hence our strategy is to establish
the H2-estimate for ωθ away from the axis first.
Given 0 < r0 < 1, denote Ωr0 = (B1(0) \Br0(0))× R.
Lemma 5.3. Assume that ψ ∈ H4∗ (D). There exists a positive constant C independent of ψ
such that
‖ωθ‖H2(Ωr0 ) ≤ C‖ψ‖H4r (D),
where the constant C may depend on r0.
Combining the interior H2-estimate for ωθ and Lemma 5.3 together gives the following
global H2-estimate of ωθ.
Lemma 5.4. Assume that ψ ∈ H4∗ (D). There exists a positive constant C independent of ψ
such that
(98) ‖ωθ‖H2(Ω) ≤ C‖ψ‖H4r (D).
The detailed proof of Lemmas 5.3 and 5.4 will be given in Appendix B.
Now we can improve the regularity of v∗ to H3(Ω).
Lemma 5.5. Assume that ψ ∈ H4∗ (D). There exists a positive constant C independent of ψ
such that
(99) ‖v∗‖H3(Ω) ≤ C‖ψ‖H4r (D).
Proof. For every 0 < r < 1, straightforward computations give that
(100) ∆v∗ = −curl ωθ, in Ωr.
In fact, the equation (100) holds on the whole domain Ω. Suppose that φ ∈ C∞0 (Ω) is a
vector-valued function defined on Ω and supp(φ) ⊆ B1(0)× [−Z,Z],
STABILITY OF HAGEN-POISEUILLE FLOWS 25
(101)
∫ +∞
−∞
∫
B1(0)\Br(0)
v∗ ·∆φ dxdydz
=
∫ +∞
−∞
∫
B1(0)\Br(0)
∆v∗ · φ dxdydz +
∫ +∞
−∞
∫
∂Br(0)
∂v∗
∂n
· φ dSdz
−
∫ +∞
−∞
∫
∂Br(0)
v∗ · ∂φ
∂n
dSdz.
On ∂Br(0)× R, it holds that
∂v∗
∂n
=
∂vr
∂r
er +
∂vz
∂r
ez =
∂2ψ
∂r∂z
er − Lψez.
Therefore, ∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂v∗
∂n
· φ dSdz
∣∣∣∣
≤
∫ +∞
−∞
∫
∂Br(0)
∣∣∣∣∂ψ∂r
∣∣∣∣ ∣∣∣∣∂φ∂z
∣∣∣∣ dSdz + ∫ +∞−∞
∫
∂Br(0)
|Lψ||φ| dSdz
≤ C sup
Ω
|∂zφ|
∫ +Z
−Z
∣∣∣∣∂ψ∂r (r, z)
∣∣∣∣ r dz + C sup
Ω
|φ|
∫ +Z
−Z
|Lψ(r, z)|r dz.
It follows from the proof of Lemma 4.1 that for every fixed z ∈ R, one has∣∣∣∣r∂ψ∂r
∣∣∣∣ = ∣∣∣∣ ∂∂r (rψ)− ψ
∣∣∣∣ ≤ C(r| ln r| 12 + r 34 )‖ψ(·, z)‖X4
and
|rLψ(r, z)| ≤ Cr‖ψ(·, z)‖X4.
Hence,
(102) lim
r→0+
∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂v∗
∂n
· φ dSdz
∣∣∣∣ = 0.
Similarly,
(103) lim
r→0+
∣∣∣∣∫ +∞−∞
∫
∂Br(0)
v∗ · ∂φ
∂n
dSdz
∣∣∣∣ = 0.
It follows from (101)–(103) that the equation (100) holds in Ω. Applying the regularity
theory for the elliptic equation (100) with homogeneous Dirichlet boundary condition for v∗
( [15]) yields (99). This completes the proof of Lemma 5.5. 
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Proposition 5.6. Let ψ and vθ be the solutions obtained in Propositions 4.5-4.6, the cor-
responding velocity field v is a strong solution to the problem (5) and (6), satisfying the
estimates
(104) ‖v∗‖H3(Ω) + ‖vθ‖H2(Ω) ≤ C(1 + Φ)‖F ‖H1(Ω).
Proof. Since ψ is a solution to (20), following similar argument as in the proof of Lemma
5.5, one has
(105) curl
(
(U¯ · ∇)v∗ + (v∗ · ∇)U¯)− curl (∆v∗) = curl F ∗.
where F ∗ = F rer + F zez.
Hence, there exists some function P ∈ H1(Ω), such that
(106) (U¯ · ∇)v∗ + (v∗ · ∇)U¯ −∆v∗ +∇P = F ∗,
and v∗ is a strong solution to the problem (5) and (6). According to Lemma 5.5 and
Proposition 4.5, one has
‖v∗‖H3(Ω) ≤ C‖ψ‖H4r (D) ≤ C(1 + Φ)‖f‖L2r(D) ≤ C(1 + Φ)‖F ∗‖H1(Ω).
This, together with the result in Proposition 4.6 for swirl velocity, finishes the proof of
Proposition 5.6. 
Remark 5.1. The coefficient in the estimate (104) depends on Φ, and F is required to be a
function in H1(Ω). Our next task is to establish some uniform estimates independent of the
flux Φ of the Hagen-Poiseuille flow, when F belongs to L2(Ω).
6. Uniform estimate independent of the flux
In this section, we give the proof for Theorem 1.1. The existence of strong solutions to
the problem (5) and (6) has been established. It suffices to give the uniform estimate. First,
we give the proof for the uniform estimate when the flux is not big. Then we deal with
the case with large flux in terms of three subcases. More precisely, choosing some small
constant ǫ1 ∈ (0, 1), we divide the proof into three subcases: (1) |ξ| ≤ 1ǫ1Φ (2) |ξ| ≥ ǫ1
√
Φ
(3) 1
ǫ1Φ
< |ξ| < ǫ1
√
Φ. Basic energy estimates are enough for the first two subcases, while
the last subcase requires much more elaborate analysis for the boundary layers.
6.1. Estimate for the case with small flux. In this subsection, we give the estimate for
the solutions of the problem (24)–(25) in terms of F ∗.
Proposition 6.1. Let ψ be the solution obtained in Proposition 4.5, the corresponding ve-
locity field v∗ satisfies
(107) ‖v∗‖H2(Ω) ≤ C(1 + Φ2)‖F ∗‖L2(Ω).
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Proof. It follows from (32), Lemma A.3 and integration by parts that one has
(108) Φ|ξ|
∫ 1
0
|ψˆ|2r dr ≤ C
(∫ 1
0
|F̂ r||ξψˆ|r dr +
∫ 1
0
|F̂ z|
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ dr) .
Similarly, the estimate (30) gives
(109)
∫ 1
0
|Lψˆ|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr
≤
∫ 1
0
|F̂ r||ξψˆ|r dr +
∫ 1
0
|F̂ z|
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ dr + 4Φπ |ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr.
According to (108), one has
(110)
4Φ
π
|ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤CΦ 12
[
|ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr
]1
2
(
Φ|ξ|
∫ 1
0
|ψˆ|2r dr
) 1
2
≤1
4
(1 + ξ2)
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + CΦ
(∫ 1
0
|F̂ r||ξψˆ|r dr +
∫ 1
0
|F̂ z|
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ dr)
By virtue of Lemma A.1 and Cauchy-Schwarz inequality, one has
(111)
∫ 1
0
(
|Lψˆ|2r + ξ2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r + ξ4|ψˆ|2r
)
dr ≤ C(1 + Φ2)
∫ 1
0
(|F̂ r|2 + |F̂ z|2)r dr.
Integrating (111) with respect to ξ yields
(112)
∫ +∞
−∞
∫ 1
0
{(
|Lψˆ|2 + ξ4|ψˆ|2
)
r + ξ2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r
}
drdξ ≤ C(1 + Φ2)‖F ∗‖2L2(Ω).
Since ωθ = (L+ ∂2z )ψeθ, it follows from (112) that
(113) ‖∇v∗‖L2(Ω) = ‖ωθ‖L2(Ω) ≤ C(1 + Φ)‖F ∗‖L2(Ω).
And by Poincare´’s inequality,
(114) ‖v∗‖H1(Ω) ≤ C(1 + Φ)‖F ∗‖L2(Ω).
Next, let us consider the H2-norm of v∗. As shown in Proposition 5.6, v∗ satisfies the
equation
(115)

U¯∂zv
∗ + vr∂rU¯ −∆v∗ +∇P = F ∗, in Ω,
div v∗ = 0, in Ω,
v∗ = 0, on ∂Ω.
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According to the regularity theory for Stokes equations [13, Lemma VI.1.2], one has
(116)
‖v∗‖H2(Ω) ≤ C‖F ∗‖L2(Ω) + Φ‖∂zv∗‖L2(Ω) + Φ‖vr‖L2(Ω) + C‖v∗‖H1(Ω)
≤ C(1 + Φ2)‖F ∗‖L2(Ω).
This finishes the proof of the proposition. 
6.2. Uniform estimate for the case with large flux and low frequency. In this
subsection, we give the uniform estimate for the solutions of (24)–(25) with respect to the
flux Φ when the flux is large and the frequency is low.
Proposition 6.2. Assume that |ξ| ≤ 1
ǫ1Φ
≤ 1. Let ψˆ(r, ξ) be a smooth solution of the problem
(24)–(25), then one has
(117)
∫ 1
0
|Lψˆ|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr ≤ C(ǫ1)
∫ 1
0
|F̂ ∗|2r dr.
Proof. It follows from (30), (32), Lemma A.3, and integration by parts that one has
(118)
Φ|ξ|
∫ 1
0
|ψˆ|2r dr + Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + Φ|ξ|3
∫ 1
0
(1− r2)|ψˆ|2r dr
≤C
(∫ 1
0
|F̂ ∗|2r dr
)1
2
(∫ 1
0
ξ2|ψˆ|2r dr +
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr
) 1
2
,
and
(119)∫ 1
0
|Lψˆ|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr
≤C
(∫ 1
0
|F̂ ∗|2r dr
)1
2
(∫ 1
0
ξ2|ψˆ|2r dr +
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr
) 1
2
+
4Φ
π
|ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr.
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According to Lemma A.1 and (118),
(120)
4Φ
π
|ξ|
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤1
4
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + CΦ2ξ2
∫ 1
0
|ψˆ|2r dr
≤1
4
∫ 1
0
|Lψˆ|2r dr + C
ǫ1
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
[∫ 1
0
(
ξ2|ψˆ|2r +
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r
)
dr
] 1
2
≤1
4
∫ 1
0
|Lψˆ|2r dr + 1
4
ξ2
∫ 1
0
|ψˆ|2r dr + 1
4
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + C(ǫ1)
∫ 1
0
|F̂ ∗|2r dr
≤1
2
∫ 1
0
|Lψˆ|2r dr + 1
4
ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + C(ǫ1)
∫ 1
0
|F̂ ∗|2r dr.
Taking (120) into (119), one completes the proof of Proposition 6.2. 
Let
χ1(ξ) =
 1, |ξ| ≤
1
ǫ1Φ
,
0, otherwise,
and ψlow be the function such that ψ̂low = χ1(ξ)ψˆ. Define
vrlow = ∂zψlow, v
z
low = −
∂r(rψlow)
r
, v∗low = v
r
lower + v
z
lowez.
And similarly, we define F rlow, F
z
low,F
∗
low, ω
θ
low.
Proposition 6.3. The solution v∗ satisfies
(121) ‖v∗low‖H2(Ω) ≤ C‖F ∗low‖L2(Ω),
where C is a uniform constant independent of Φ and F .
Proof. In fact, v∗low is a strong solution to the following Stokes equations
(122)

−∆v∗low +∇P = F ∗low − U¯∂zv∗low − vrlow∂rU¯ , in Ω,
div v∗low = 0, in Ω,
v∗low = 0, on ∂Ω.
According to the regularity theory for Stokes equations [13, Lemma VI.1.2], one has
(123) ‖v∗low‖H2(Ω) ≤ C‖F ∗low‖L2(Ω) + CΦ‖∂zv∗low‖L2(Ω) + CΦ‖vrlow‖L2(Ω) + C‖v∗low‖H1(Ω).
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Herein, by virtue of the estimate (117) and Lemma A.1,
(124)
‖vrlow‖L2(Ω) ≤ C
(∫
|ξ|≤ 1
ǫ1Φ
ξ2
∫ 1
0
|ψˆ|2r drdξ
) 1
2
≤ C
(∫
|ξ|≤ 1
ǫ1Φ
1
(ǫ1Φ)2
C(ǫ1)
∫ 1
0
∣∣∣F̂ ∗∣∣∣2 1
r
drdξ
) 1
2
≤ CΦ−1‖F ∗low‖L2(Ω)
and
(125)
‖∂zv∗low‖L2(Ω) ≤ ‖∂zvrlow‖L2(Ω) + ‖∂zvzlow‖L2(Ω)
≤C
(∫
|ξ|≤ 1
ǫ1Φ
ξ4
∫ 1
0
|ψˆ|2r drdξ
)1
2
+ C
(∫
|ξ|≤ 1
ǫ1Φ
ξ2
∫ 1
0
∣∣∣∣ ∂∂r (rψˆ)
∣∣∣∣ 1r drdξ
)1
2
≤CΦ−1‖F ∗low‖L2(Ω).
Moreover, by Poincare´’s inequality, one has
(126)
‖v∗low‖H1(Ω) ≤ C‖∇v∗low‖L2(Ω) = C‖ωθlow‖L2(Ω)
≤C
(∫
|ξ|≤ 1
ǫ1Φ
∫ 1
0
|(L− ξ2)ψˆ|2r drdξ
) 1
2
≤C‖F ∗low‖L2(Ω).
Summing (123)-(126) together gives (121). This completes the proof of Proposition 6.3. 
6.3. Uniform estimate for the case with large flux and high frequency. In this
subsection, we give the uniform estimate for the solutions of (24)–(25) with respect to the
flux Φ when the flux is large and the frequency is high.
Proposition 6.4. Assume that |ξ| ≥ ǫ1
√
Φ ≥ 1. Let ψˆ be a smooth solution to the problem
(24)–(25), then one has
(127)
∫ 1
0
|Lψˆ|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr ≤ C|ξ|−2
∫ 1
0
|F̂ ∗|2r dr,
and
(128) Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + Φ|ξ|3 ∫ 1
0
(1− r2)|ψˆ|2r dr ≤ C|ξ|−2
∫ 1
0
|F̂ ∗|2r dr.
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Proof. According to (118), one has
(129)
4Φ
π
|ξ|
∫ 1
2
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤CΦ|ξ|
(∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
) 1
2
(∫ 1
2
0
|ψˆ|2r dr
) 1
2
≤C(Φ|ξ|) 12
(∫ 1
0
|F̂ ∗|2r dr
) 1
4
[∫ 1
0
(
ξ2|ψˆ|2r +
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r
)
dr
] 1
4
(∫ 1
2
0
|ψˆ|2r dr
) 1
2
≤CΦ 12 |ξ|−2
(∫ 1
0
|F̂ ∗|2r dr
)1
4
[∫ 1
0
(
ξ4|ψˆ|2r + ξ2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r
)
dr
] 3
4
.
Using Hardy’s inequality yields
(130)
4Φ
π
|ξ|
∫ 1
1
2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ |rψˆ| dr
≤CΦ|ξ|
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
) 1
2
(∫ 1
1
2
|ψˆ|2 r
1− r2 dr
) 1
2
≤CΦ|ξ|
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
) 1
2
(∫ 1
1
2
|rψˆ|2 dr
) 1
4
∫ 1
1
2
∣∣∣∣∣ rψˆ1− r
∣∣∣∣∣
2
dr
14
≤CΦ|ξ|− 12
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
) 1
2
(
ξ4
∫ 1
1
2
|rψˆ|2 dr
) 1
4
(
ξ2
∫ 1
1
2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
) 1
4
≤CΦ 12 |ξ|− 32
(∫ 1
0
|F̂ ∗|2r dr
)1
4
[∫ 1
0
(
ξ4|ψˆ|2r + ξ2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r
)
dr
] 3
4
.
Taking (129)-(130) into (119) and using Young’s inequality, one completes the proof of (127).
According to (118) and (127), one has
(131)
Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + Φ|ξ|3 ∫ 1
0
(1− r2)|ψˆ|2r dr
≤C
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
(∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r + ξ2|ψˆ|2r dr
) 1
2
≤C|ξ|−2
∫ 1
0
|F̂ ∗|2r dr.
This completes the proof of Proposition 6.4. 
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Remark 6.1. It follows from the proof of Proposition 6.4 that the estimates (127) and (128)
can be improved when |ξ| is much bigger than ǫ1
√
Φ. The reason that we choose the high
frequency region as ξ ∈ [ǫ1
√
Φ,+∞) is that we can only deal with the intermediate frequency
region as [ 1
ǫ1Φ
, ǫ1
√
Φ] by our current analysis in Subsection 6.4.
Let
χ2(ξ) =
{
1, |ξ| ≥ ǫ1
√
Φ,
0, otherwise,
and ψhigh be the function such that ψ̂high = χ2(ξ)ψˆ. Define
vrhigh = ∂zψhigh, v
z
high = −
∂r(rψhigh)
r
, v∗high = v
r
higher + v
z
highez.
And similarly, we define F rhigh, F
z
high,F
∗
high, ω
θ
high.
Proposition 6.5. The solution v∗ satisfies
(132) ‖v∗high‖H2(Ω) ≤ C(1 + Φ
1
4 )‖F ∗high‖L2(Ω),
and
(133) ‖v∗high‖H 53 (Ω) ≤ C‖F
∗
high‖L2(Ω),
where C is a uniform constant independent of Φ and F .
Proof. In fact, v∗high is a strong solution to the following Stokes equations
(134) −∆v∗high +∇P = F ∗high − U¯∂zv∗high − vrhigh∂rU¯ , in Ω.
According to the regularity theory for Stokes equations [13, Lemma VI.1.2], one has
(135)
‖v∗high‖H2(Ω) ≤C‖F ∗high‖L2(Ω) + CΦ‖(1 − r2)∂zv∗high‖L2(Ω)
+ CΦ‖vrhigh‖L2(Ω) + C‖v∗high‖H1(Ω).
It follows from (127) and (128) that
(136)
Φ‖(1 − r2)∂zv∗high‖L2(Ω)
≤C
{∫
|ξ|≥ǫ1
√
Φ
Φ2
[
ξ4
∫ 1
0
(1− r2)2|ψˆ|2r dr + ξ2
∫ 1
0
(1− r2)2
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr
]
1
r
dξ
}1
2
≤C
(∫
|ξ|≥ǫ1
√
Φ
Φ|ξ|−1
∫ 1
0
|Fˆ |2r drdξ
)1
2
≤CΦ 14‖F ∗high‖L2(Ω),
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and
(137)
Φ‖vrhigh‖L2(Ω) ≤ CΦ
(∫
|ξ|≥ǫ1
√
Φ
ξ2
∫ 1
0
|ψˆ|2r drdξ
)1
2
≤ C‖F ∗high‖L2(Ω).
Following the same argument as in the proof of (126) yields
(138) ‖v∗high‖H1(Ω) ≤ C‖ωθhigh‖L2(Ω) ≤ CΦ−
1
2‖F ∗high‖L2(Ω).
Hence, substituting (136)-(138) into (135) gives (132). The estimate (133) can be obtained
via the interpolation between H2(Ω) and H1(Ω). This finishes the proof of the proposition.

6.4. Uniform estimate for the case with large flux and intermediate frequency.
In this subsection, we give the uniform estimate for the solutions of (24)–(25) with respect
to the flux Φ when the flux is large and the frequency is intermediate. The analysis in this
case is much more involved and is inspired by [14].
Proposition 6.6. Assume that Φ≫ 1. There exists a small constant ǫ1 ∈ (0, 1), such that
as long as 1
ǫ1Φ
≤ |ξ| ≤ ǫ1
√
Φ, the solution ψˆ(r) to the problem (24)-(25) can be decomposed
into four parts,
(139) ψˆ(r) = ψ̂s(r) + aI1(|ξ|r) + b
[
χψ̂BL(r) + ψ̂e(r)
]
.
Here (1) ψ̂s is a solution to the following equation
(140)
 iξU¯(r)(L− ξ
2)ψ̂s − (L − ξ2)2ψ̂s = fˆ = d
dr
F̂ z − iξF̂ r,
ψ̂s(0) = ψ̂s(1) = Lψ̂s(0) = Lψ̂s(1) = 0,
with the estimates
(141)
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)− 53
∫ 1
0
|F̂ ∗|2r dr,
(142)
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr ≤ C(Φ|ξ|)− 43 ∫ 1
0
|F̂ ∗|2r dr.
(143)
∫ 1
0
|Lψ̂s|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr.
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(144)
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2 dr
≤C
∫ 1
0
|F̂ ∗|2r dr.
(2) I1(ρ) is the modified Bessel function of the first kind, i.e.,
(145)
 z2
d2
dz2
I1(z) + z
d
dz
I1(z)− (z2 + 1)I1(z) = 0,
I1(0) = 0, I1(z) > 0 if z > 0.
Furthermore, a is a constant satisfying
(146) |a| ≤ C(Φ|ξ|)− 56 I1(ξ)−1
(∫ 1
0
|F̂ ∗|2r dr
)1
2
.
(3) ψ̂BL is the boundary layer profile of the form
(147) ψ̂BL(r) = Gξ,Φ(|β|(1− r)) with |β| =
(
4|ξ|Φ
π
)1/3
,
where Gξ,Φ(ρ) is a smooth function, decaying exponentially at infinity, uniformly bounded in
the set
E =
{
(ξ,Φ, ρ) : Φ ≥ 1, 1
Φ
≤ |ξ| ≤
√
Φ, 0 ≤ ρ < +∞
}
.
Moreover, χ is a smooth increasing cut-off function, which satisfies
(148) χ(r) =

1, r ≥ 1
2
,
0, r ≤ 1
4
,
and the constant b satisfies
(149) |b| ≤ C(Φ|ξ|)− 56
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
.
(4) ψ̂e is a remainder term, which satisfies
(150)
 iξU¯(r)(L − ξ
2)(χψ̂BL + ψ̂e)− (L − ξ2)2(χψ̂BL + ψ̂e) = 0,
ψ̂e(0) = ψ̂e(1) = Lψ̂e(0) = Lψ̂e(1) = 0.
Here χ is a cut-off function defined in (148). And ψ̂e satisfies the following estimates,
(151)
∫ 1
0
|ψ̂e|2r dr ≤ C(Φ|ξ|)− 13 ,
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(152)
∫ 1
0
|Lψ̂e|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂e)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂e|2r dr ≤ C(Φ|ξ|) 1721
(153)∫ 1
0
∣∣∣∣ ddr (rLψ̂e)
∣∣∣∣2 1r dr+ξ2
∫ 1
0
|Lψ̂e|2r dr+ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂e)
∣∣∣∣2 1r dr+ξ6
∫ 1
0
|ψ̂e|2r dr ≤ C(Φ|ξ|) 53 .
In conclusion, ψˆ satisfies the following estimate,
(154)
∫ 1
0
|Lψˆ|2r dr +
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr +
∫ 1
0
|ψˆ|2r dr
+
∫ 1
0
∣∣∣∣ ddr (rLψˆ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|Lψˆ|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψˆ|2r dr
≤C
∫ 1
0
|F̂ ∗|2 dr.
Before the proof of Proposition 6.6, we consider the linear problem (140), which is similar to
(24)–(25), but with a different boundary condition. The vorticity vanishes on the boundary
for this problem.
Lemma 6.7. Given fˆ ∈ L2r(0, 1), the system (140) admits a unique solution ψ̂s satisfying
the estimates
(155)
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)−2
∫ 1
0
|fˆ |2r dr,
(156)
∫ 1
0
|Lψ̂s|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)− 67
∫ 1
0
|fˆ |2r dr.
(157)
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2 dr
≤C
∫ 1
0
|fˆ |2r dr.
Moreover, the solution ψ̂s also satisfies the estimates (141)–(144) and
(158)
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣ (1) ≤ C(Φ|ξ|)− 12 (∫ 1
0
|F̂ ∗|2r dr
)1
2
.
Proof. We first show the a priori estimates (155)-(157). Similar to the proof of Lemma 2.1,
multiplying the equation in (140) by rψ̂s and integrating over [0, 1] yield
(159) ξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + ξ3 ∫ 1
0
U¯(r)|ψ̂s|2r dr = −ℑ
∫ 1
0
fˆ ψ̂sr dr,
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and
(160)
∫ 1
0
|Lψ̂s|2r dr + 2ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂s|2r dr
=− ℜ
∫ 1
0
fˆ ψ̂sr dr − 4Φ
π
ξℑ
∫ 1
0
[
d
dr
(rψ̂s)rψ̂s
]
dr.
The inequality (159) together with Lemma A.3 implies
(161) Φ|ξ|
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr + Φ|ξ|
∫ 1
0
|ψ̂s|2r dr ≤ C
∫ 1
0
|fˆ ||ψ̂s|r dr.
By Ho¨lder inequality, one has
(162) Φ2ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr + Φ2ξ2
∫ 1
0
|ψ̂s|2r dr ≤ C
∫ 1
0
|fˆ |2r dr.
Consequently, one has
(163)
4Φ
π
|ξ|
∫ 1
2
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣ |rψ̂s| dr
≤CΦ|ξ|
(∫ 1
2
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
2
0
|rψ̂s|2 r
1− r2 dr
) 1
2
≤CΦ|ξ|
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
0
|ψ̂s|2r dr
) 1
2
≤CΦ|ξ|
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
0
|Lψ̂s|2r dr
) 1
8
(∫ 1
0
|ψ̂s|2r dr
) 3
8
≤1
4
∫ 1
0
|Lψ̂s|2r dr + C(Φ|ξ|) 17
∫ 1
0
|fˆ ||ψˆs|r dr.
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Furthermore, it follows from Hardy’s inequality, Lemma A.1 and (161) that one has
(164)
4Φ
π
|ξ|
∫ 1
1
2
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣ |rψ̂s| dr
≤CΦ|ξ|
(∫ 1
1
2
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
1
2
|rψ̂s|2
(1− r)2 dr
) 1
4
(∫ 1
1
2
|ψ̂s|2r dr
) 1
4
≤CΦ|ξ|
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
) 1
4
(∫ 1
0
|ψ̂s|2r dr
) 1
4
≤CΦ|ξ|
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1− r2r dr
) 1
2
(∫ 1
0
|Lψ̂s|2r dr
) 1
8
(∫ 1
0
|ψ̂s|2r dr
) 3
8
≤1
4
∫ 1
0
|Lψ̂s|2r dr + C(Φ|ξ|) 17
∫ 1
0
|fˆ ||ψ̂s|r dr.
Hence, taking the estimates (163)–(164) into (160) gives
(165)
∫ 1
0
|Lψ̂s|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|) 17
∫ 1
0
|fˆ ||ψ̂s|r dr,
which together with (161) implies that
(166)
∫ 1
0
|Lψ̂s|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)− 67
∫ 1
0
|fˆ |2r dr.
Moreover, multiplying (165) by ξ2 and applying Lemma A.1 yield
(167)
ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2r dr
≤C(Φ|ξ|) 17
(∫ 1
0
|fˆ |2r dr
) 1
2
(∫ 1
0
|ψ̂s|2r dr
) 1
6
(
ξ6
∫ 1
0
|ψ̂s|2r dr
)1
3
≤1
2
ξ6
∫ 1
0
|ψ̂s|2r dr + C(Φ|ξ|) 314
(∫ 1
0
|fˆ |2r dr
) 3
4
(∫ 1
0
|Lψ̂s|2r dr
)1
4
≤1
2
ξ6
∫ 1
0
|ψ̂s|2r dr + C
∫ 1
0
|fˆ |2r dr,
where the last inequality is due to (156). Therefore, one has
(168) ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2r dr ≤ C
∫ 1
0
|fˆ |2r dr.
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Multiplying the equation in (140) by rLψ̂s and integrating over [0, 1] give
(169)
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr + 2ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
=− ℜ
∫ 1
0
fˆLψ̂sr dr + 4Φ
π
ξ3ℑ
∫ 1
0
[
d
dr
(rψ̂s)rψ̂s
]
dr.
Note that
(170)
∣∣∣∣4Φπ ξ3
∫ 1
0
[
d
dr
(rψ̂s)rψ̂s
]
dr
∣∣∣∣ ≤ 12ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + Φ2ξ2
∫ 1
0
|ψ̂s|2r dr.
Hence, one has
(171)
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr ≤ C
∫ 1
0
|fˆ |2r dr.
Next, we establish some a priori estimates in terms of F ∗. Multiplying the equation in
(140) by ξ2rψ̂s and integrating over [0, 1] yield
(172) ξ3
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + ξ5 ∫ 1
0
U¯(r)|ψ̂s|2r dr = −ξ2ℑ
∫ 1
0
fˆ ψ̂sr dr,
and
(173)
ξ2
∫ 1
0
|Lψ̂s|2r dr + 2ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2r dr
=− ξ2ℜ
∫ 1
0
fˆ ψ̂sr dr − 4Φ
π
ξ3ℑ
∫ 1
0
[
d
dr
(rψ̂s)rψ̂s
]
dr.
If one multiplies the both sides by Lψ̂sr and integrates over [0, 1], then one has
(174)
iξ3
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + iξ ∫ 1
0
U¯(r)|Lψ̂s|2r dr − i4Φ
π
ξ3
∫ 1
0
[
d
dr
(rψ̂s)rψ̂s
]
dr
+
∫ 1
0
1
r
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 r dr + 2ξ2 ∫ 1
0
1
r
∣∣∣Lψ̂s∣∣∣2 r dr + ξ4 ∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
=
∫ 1
0
fˆLψ̂sr dr.
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Summing (173)-(174) together yields
(175)
ξ2
∫ 1
0
|Lψ̂s|2r dr + 2ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2r dr
+
∫ 1
0
1
r
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 r dr + 2ξ2 ∫ 1
0
∣∣∣Lψ̂s∣∣∣2 r dr + ξ4 ∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
=ℜ
∫ 1
0
fˆLψ̂sr dr − ξ2ℜ
∫ 1
0
fˆ ψ̂sr dr.
Note that
(176)
∣∣∣∣∫ 1
0
fˆLψ̂sr dr
∣∣∣∣ ≤ ∣∣∣∣∫ 1
0
F̂ riξL ¯ˆψr + F̂ z d
dr
(rLψ̂s) dr
∣∣∣∣
≤2
∫ 1
0
|F̂ ∗|2r dr + 1
4
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr + 14ξ2
∫ 1
0
∣∣∣Lψ̂s∣∣∣2 r dr,
and
(177)
∣∣∣∣∫ 1
0
fˆ ξ2ψ̂sr dr
∣∣∣∣ ≤ ∣∣∣∣∫ 1
0
F̂ riξ3ψ̂sr + F̂ zξ
2 d
dr
(rψ̂s)dr
∣∣∣∣
≤2
∫ 1
0
|F̂ ∗|2rdr + 1
4
ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + 14ξ6
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr
Therefore, we have
(178)
ξ2
∫ 1
0
|Lψ̂s|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂s|2r dr +
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr
≤C
∫ 1
0
|F̂ ∗|2r dr.
This is exactly the estimate (144).
Furthermore, it follows from (174) that
(179)
2Φ|ξ|3
π
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + 2Φ|ξ|π
∫ 1
0
(1− r2)|Lψ̂s|2r dr
=ℑ
∫ 1
0
fˆLψ̂sr dr
≤2
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
[
ξ2
∫ 1
0
|Lψ̂s|2r dr +
∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr
] 1
2
≤C
∫ 1
0
|F̂ ∗|2r dr,
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where we used (178) to get the last inequality. Hence, it follows from Lemma A.6, Lemma
A.1 and (178)-(179) that one has
(180)
∫ 1
0
|Lψ̂s|2r dr ≤C
∫ 1
0
(1− r2)|Lψ̂s|2r dr
+ C
(∫ 1
0
(1− r2)|Lψ̂s|2r dr
)2
3
(∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr
) 1
3
≤C
(∫ 1
0
(1− r2)|Lψ̂s|2r dr
) 2
3
(∫ 1
0
∣∣∣∣ ddr (rLψ̂s)
∣∣∣∣2 1r dr
) 1
3
≤C(Φ|ξ|)− 23
∫ 1
0
|Fˆ |2r dr.
Using Lemmas A.6 and A.1 again gives
(181)
ξ2
∫ 1
0
|ψ̂s|2r dr ≤Cξ2
∫ 1
0
(1− r2)|ψ̂s|2r dr
+ Cξ2
(∫ 1
0
(1− r2)|ψ̂s|2r dr
)2
3
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
) 1
3
≤Cξ2
(∫ 1
0
(1− r2)|ψ̂s|2r dr
) 2
3
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
) 1
3
.
According to (172) and (178), one has
(182)
ξ2
(
Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + Φ|ξ|3 ∫ 1
0
(1− r2)|ψ̂s|2r dr
)
≤
(∫ 1
0
|F̂ r|2r dr
) 1
2
(
ξ6
∫ 1
0
|ψ̂s|2r dr
) 1
2
+
(∫ 1
0
|F̂ z|2r dr
)1
2
(
ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
) 1
2
≤
∫ 1
0
|F̂ ∗|2r dr.
Therefore, combining (181)-(182) and (178) yields
(183) ξ2
∫ 1
0
|ψ̂s|2r dr ≤ C
(∫ 1
0
|F̂ ∗|2r dr
Φ|ξ|3
) 2
3
(∫ 1
0
|F̂ ∗|2r dr
|ξ|2
) 1
3
.
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Hence one has
(184) ξ4
∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr.
Therefore, we have
(185) ξ4
∫ 1
0
|ψ̂s|2rdr +
∫ 1
0
|Lψ̂s|2r dr ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr,
and by Cauchy-Schwarz inequality,
(186)
ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr ≤
(∫ 1
0
|Lψ̂s|2r dr
) 1
2
(
ξ4
∫ 1
0
|ψ̂s|2r dr
)1
2
≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr.
The two inequalities (185)–(186) give the estimate (143).
Moreover, according to (172),
(187)
Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + Φ|ξ|3 ∫ 1
0
(1− r2)|ψ̂s|2r dr
≤C
(∫ 1
0
|F̂ ∗|2r dr
)1
2
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr
) 1
2
.
Herein, it follows from Lemma A.6 and Lemma A.1 that one has
(188)
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr
≤C
[∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr
] 2
3
(∫ 1
0
|Lψ̂s|2r dr
)1
3
+ Cξ2
(∫ 1
0
(1− r2)|ψ̂s|2r dr
) 2
3
[∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
]1
3
.
Hence, substituting (188) into (187) and using Young’s inequality and the estimates (185)–
(186) yield
(189) Φ|ξ|
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 dr + Φ|ξ|3 ∫ 1
0
(1− r2)|ψ̂s|2r dr ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr.
Consequently, combining (188)–(189) gives
(190)
∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr ≤ C(Φ|ξ|)− 43 ∫ 1
0
|Fˆ |2r dr.
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Therefore, it follows from Lemma A.2 that one has
(191)
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣ (1) ≤ C (∫ 1
0
|Lψ̂s|2r dr
) 1
4
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr
) 1
4
≤ C(Φ|ξ|)− 12
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
.
Finally, the inequality (187) together with Lemma A.3 gives
(192)∫ 1
0
|ψ̂s|2r dr ≤ C(Φ|ξ|)−1
(∫ 1
0
|F̂ ∗|2r dr
)1
2
(∫ 1
0
∣∣∣∣ ddr (rψ̂s)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
∣∣∣ψ̂s∣∣∣2 r dr)
1
2
≤ C(Φ|ξ|)− 53
∫ 1
0
|F̂ ∗|2r dr.
The existence of the solution ψ̂s follows from the similar arguments as in Section 4. Hence
the proof of Lemma 6.7 is completed. 
Now we give the proof of Proposition 6.6.
Proof of Proposition 6.6. Let ψ̂s denote the solution to (140). Note that ψ̂s satisfies the same
equation as ψˆ, but with a slip boundary condition. We will recover the no slip boundary
condition by the boundary layer analysis. Define
A = iξU¯(r)− L+ ξ2, H = L − ξ2,
and
A˜ = iξΦ
π
4(1− r)− d
2
dr2
+ ξ2, H˜ = d
2
dr2
− ξ2.
A˜ and H˜ can be regarded as the leading parts of A and H, respectively, for the boundary
layer function.
We look for a boundary layer ψ̂BL, which is a solution to
A˜H˜ψ̂BL = 0.
First, consider the problem
A˜φ = 0.
As discussed in [14], the operator A˜ can be written as the Airy operator with complex
coefficients. Let Airy function Ai(z) denote the solution to
d2Ai
dz2
− zAi = 0, in C.
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Define
(193) G˜ξ,Φ(ρ) =

Ai
(
C+(ρ+
π|β|ξ
4iΦ
)
)
, when ξ > 0,
Ai
(
C−(ρ+
π|β|ξ
4iΦ
)
)
, when ξ < 0,
where |β| = (4ξΦ
π
) 1
3 , C+ = e
iπ
6 and C− = e−i
π
6 . Define
(194)
˜˜
Gξ,Φ(r) = G˜ξ,Φ(|β|(1− r)).
It is straightforward to check that
A˜ ˜˜Gξ,Φ = 0.
Without loss of generality, we assume that ξ > 0 from now on. Next, define
(195) Gξ,Φ(ρ) =
∫ +∞
ρ
e−
|ξ|
|β|
(ρ−τ)
∫ +∞
τ
e−
|ξ|
|β|
(σ−τ)G˜ξ,Φ(σ) dσdτ,
which satisfies
(196)
d2Gξ,Φ
dρ2
− |ξ|
2
|β|2Gξ,Φ = G˜(ρ).
Define
(197) C0,ξ,Φ =

1
Gξ,Φ(0)
, if |Gξ,Φ(0)| ≥ 1,
1, otherwise.
Set
(198) ψ̂BL(r) := C0,ξ,ΦGξ,Φ(|β|(1− r)).
It can be verified that
(199) A˜H˜ψ̂BL = 0, 0 < r < 1,
and |ψ̂BL(1)| ≤ 1.
Let us insert a lemma which gives the estimates of C0,ξ,Φ and
dψ̂BL
dr
|r=1.
Lemma 6.8. (1) It holds that
C˜0 := inf
{
|C0,ξ,Φ| : Φ ≥ 1, 1
Φ
≤ |ξ| ≤
√
Φ
}
> 0,
and the function Gξ,Φ defined in (195) satisfies for ς large enough
(200) sup
Φ≥1
sup
1
Φ
≤|ξ|≤√Φ
sup
ρ≥ς
eρ
∣∣∣∣dkGξ,Φdρk (ρ)
∣∣∣∣ <∞, k = 0, 1, 2, 3.
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(2) There is a constant ǫ ∈ (0, 1) such that
Σǫ := {µ ∈ C | argµ = −π
6
, 0 ≤ |µ| ≤ ǫ},
then
Kǫ := inf
µ∈Σǫ
∣∣∣∣∫ +∞
0
e−µsAi(s+ µ2) ds
∣∣∣∣ ≥ 16 .
The proof of Lemma 6.8 is exactly the same as that of [14, Lemma 3.7], so we omit the
details here.
Now we are ready to construct the remainder term ψ̂e, which is the solution to the following
problem
(201)
 iξU¯(r)(L− ξ
2)ψ̂e − (L − ξ2)2ψ̂e = A˜H˜((1− χ)ψ̂BL) + (A˜H˜ − AH)(χψ̂BL),
ψ̂e(0) = ψ̂e(1) = Lψ̂e(0) = Lψ̂e(1) = 0,
where χ is a smooth cut-off function, satisfying
χ(r) =

1, r ≥ 1
2
,
0, r ≤ 1
4
The L2r-norm of the right hand of (201) can be estimated as follows.
A˜H˜((1− χ)ψ̂BL) =
(
i
ξΦ
π
4(1− r)− d
2
dr2
+ ξ2
)(
d2
dr2
− ξ2
)
((1− χ)ψ̂BL)
According to Lemma 6.8, when 1
2
|β| ≥ ς, one has
(202)
∫ 1
0
∣∣∣∣iξΦπ 4(1− r) d2dr2 ((1− χ)ψ̂BL)
∣∣∣∣2 r dr
≤CΦ2ξ2
∫ 1
2
0
(∣∣∣∣ d2dr2 ψ̂BL
∣∣∣∣2 + ∣∣∣∣ ddr ψ̂BL
∣∣∣∣2 + |ψ̂BL|2
)
dr
≤CΦ2ξ2
∫ |β|
|β|
2
(
|β|3
∣∣∣∣d2Gξ,Φdρ2
∣∣∣∣2 + |β| ∣∣∣∣dGξ,Φdρ
∣∣∣∣2 + |β|−1|Gξ,Φ|2
)
dρ
≤CΦ2ξ2
∫ |β|
|β|
2
(|β|3 + |β|+ |β|−1) e−2ρ dρ
≤Ce−|β|(|β|10 + |β|8 + |β|6) ≤ C.
Similarly, one has
(203)
∫ 1
0
∣∣∣A˜H˜((1− χ)ψ̂BL)∣∣∣2 r dr ≤ C.
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On the other hand, the estimates
(204)
(A˜H˜ − AH)(χψ̂BL) = (A˜ − A)H(χψ̂BL) + A˜(H˜ − H)(χψ̂BL)
=
(
i
ξΦ
π
2(1− r)2 + 1
r
d
dr
− 1
r2
)(
d2
dr2
+
1
r
d
dr
− 1
r2
− ξ2
)
(χψ̂BL)
+
(
i
ξΦ
π
4(1− r)− d
2
dr2
+ ξ2
)(
−1
r
d
dr
+
1
r2
)
(χψ̂BL).
and
(205)
∫ 1
0
∣∣∣∣iξΦπ 2(1− r)2 d2dr2 (χψ̂BL)
∣∣∣∣2 r dr
≤CΦ2ξ2
∫ 1
0
(1− r)4
[∣∣∣χ′′(r)ψ̂BL∣∣∣2 + ∣∣∣∣χ′(r) ddr ψ̂BL
∣∣∣∣2 + ∣∣∣∣χ(r) d2dr2 ψ̂BL
∣∣∣∣2
]
dr
≤CΦ2ξ2
∫ 3
4
|β|
1
2
|β|
|β|−4ρ4|Gξ,Φ(ρ)|2|β|−1 dρ+ CΦ2ξ2
∫ 3
4
|β|
1
2
|β|
|β|−4ρ4|β|2|G′ξ,Φ(ρ)|2|β|−1 dρ
+ CΦ2ξ2
∫ 3
4
|β|
0
|β|−4ρ4|β|4|G′′ξ,Φ(ρ)|2|β|−1 dρ
≤C(|β|+ |β|3)
∫ 3
4
|β|
1
2
|β|
ρ4e−2ρ dρ+ C|β|5
(∫ ς
0
ρ4 dρ+
∫ 3
4
|β|
ς
ρ4e−2ρ dρ
)
≤C(1 + |β|5)
hold. Similarly, one has
(206)
∫ 1
0
∣∣∣(A˜H˜ − AH)(χψ̂BL)∣∣∣2 r dr ≤ C|β|5.
Hence, it follows from Lemma 6.7 that one has
(207)
∫ 1
0
|ψ̂e|2r dr ≤ C|β|5(Φ|ξ|)−2 ≤ C(Φ|ξ|)− 13 ,
(208)
∫ 1
0
|Lψ̂e|2r dr+ξ2
∫ 1
0
∣∣∣∣ ddr (rψ̂e)
∣∣∣∣2 1r dr+ξ4
∫ 1
0
|ψ̂e|2r dr ≤ C|β|5(Φ|ξ|)− 67 ≤ C(Φ|ξ|) 1721
(209)
∫ 1
0
∣∣∣∣ ddr (rLψ̂e)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|Lψ̂e|2r dr + ξ4
∫ 1
0
∣∣∣∣ ddr (rψ̂e)
∣∣∣∣2 1r dr + ξ6
∫ 1
0
|ψ̂e|2r dr
≤C(Φ|ξ|) 53 .
Finally, suppose the stream function ψˆ is of the form (139) with the constants a and b to
be determined, where I1(z) is the modified Bessel function of the first kind satisfying (145).
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It is straightforward to show that
HI1(|ξ|r) = 0.
Let us determine a and b now. On the boundary r = 1, it holds that
ψˆ(1) =
d
dr
(rψˆ)(1) =
dψˆ
dr
(1) = 0.
Hence we have
(210)

aI1(|ξ|) + bψ̂BL(1) = 0,
a|ξ|I ′1(|ξ|) + b
d
dr
ψ̂BL(1) + b
d
dr
ψ̂e(1) = − d
dr
ψ̂s(1).
Solving the linear system (210) yields
(211) b =
d
dr
ψ̂s(1)I1(|ξ|)
ψ̂BL(1)|ξ|I ′1(|ξ|)−
(
d
dr
ψ̂BL(1) +
d
dr
ψ̂e(1)
)
I1(|ξ|)
and a = −bψ̂BL(1)
I1(|ξ|) .
The quantity d
dr
ψ̂BL(1) is computed as follows, when ξ > 0,
(212)
d
dr
ψ̂BL(1) = C0,ξ,Φ|β|
[
C−
∫ +∞
0
e−λsAi(s + λ2) ds+
|ξ|
|β|Gξ,Φ(0)
]
,
where C− = e−i
π
6 and λ = |ξ||β|C−. Note that
|λ| = |ξ||β| =
(π
4
) 1
3 |ξ| 23Φ− 13 ≤
(π
4
) 1
3
(ǫ1)
2
3 .
When ǫ1 satisfies (π
4
) 1
3
ǫ
2
3
1 ≤ min
{
ǫ,
1
12
C˜0
}
,
according to Lemma 6.8, one has
(213)
∣∣∣∣ ddr ψ̂BL(1)
∣∣∣∣ ≥ C˜0|β|(16 − |ξ||β| 1C˜0
)
≥ 1
12
C˜0|β| = κ|β|.
When ξ < 0, similar computations verify that (213) also holds.
On the other hand, it follows from Lemma A.2 that one has
(214)
∣∣∣∣ ddr ψ̂e(1)
∣∣∣∣2 = ∣∣∣∣ ddr (rψ̂e)(1)
∣∣∣∣2
≤C
(∫ 1
0
|Lψ̂e|2r dr
) 3
4
(∫ 1
0
∣∣∣ψ̂e∣∣∣2 r dr) 14 ≤ C(Φ|ξ|) 1121 .
Moreover, using Lemma A.4 gives
|ξ|I ′1(|ξ|)
I1(|ξ|) ≤ 1 + |ξ|.
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Hence one has
∣∣∣∣[ ddr ψ̂BL(1) + ddr ψ̂e(1)
]
− ξ I
′
1(|ξ|)
I1(|ξ|)ψ̂BL(1)
∣∣∣∣ ≥κ|β| − C|β| 1114 − (1 + |ξ|)
≥κ|β| − C|β| 1114 − 1−
(π
4
) 1
3
ǫ
2
3
1 |β|.
When
(
π
4
) 1
3 ǫ
2
3
1 ≤ κ4 and |β| is large enough,
(215)
∣∣∣∣[ ddr ψ̂BL(1) + ddr ψ̂e(1)
]
− |ξ|I
′
1(|ξ|)
I1(|ξ|)ψ̂BL(1)
∣∣∣∣ ≥ κ2 |β|.
Therefore, taking (215) into (211), by Lemma 6.7, one has
(216)
|b| ≤C|β|−1
∣∣∣∣ ddr ψ̂s(1)
∣∣∣∣ ≤ C|β|−1(Φ|ξ|)− 12 (∫ 1
0
|F̂ ∗|2r dr
) 1
2
≤C(Φ|ξ|)− 56
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
,
and
(217) |a| ≤ C(Φ|ξ|)− 56 |I1(|ξ|)|−1
(∫ 1
0
|F̂ ∗|2r dr
) 1
2
.
Hence, according to Lemma 6.8, one has
(218)
b2
∫ 1
0
∣∣∣χψ̂BL∣∣∣2 r dr ≤ Cb2 ∫ 1
1
4
∣∣∣χψ̂BL∣∣∣2 dr
≤Cb2
∫ 3
4
|β|
0
|Gξ,Φ(ρ)|2|β|−1 dρ
≤Cb2
[∫ ς
0
|Gξ,Φ(ρ)|2|β|−1 dρ+
∫ 3
4
|β|
ς
|Gξ,Φ(ρ)|2|β|−1 dρ
]
≤Cb2
(
|β|−1 +
∫ 3
4
β
ς
e−2ρ|β|−1 dρ
)
≤ C(Φ|ξ|)−2
∫ 1
0
|F̂ ∗|2r dr,
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where ς is the one appeared in (200) in Lemma 6.8. Similarly, one has
(219)
b2
∫ 1
0
∣∣∣L(χψ̂BL)∣∣∣2 r dr
≤Cb2
∫ 1
0
(∣∣∣∣ d2dr2 (χψ̂BL)
∣∣∣∣2 + 1r2
∣∣∣∣ ddr (χψ̂BL)
∣∣∣∣2 + 1r4 ∣∣∣χψ̂BL∣∣∣2
)2
r dr
≤Cb2
∫ 1
2
1
4
|χ′′|2|ψ̂BL|2 dr + Cb2
∫ 1
2
1
4
|χ′|2
∣∣∣∣ ddr ψ̂BL
∣∣∣∣2 dr + Cb2 ∫ 1
1
4
χ2|ψ̂BL|2 dr
+ Cb2
∫ 1
2
1
4
|χ′|2|ψ̂BL|2 dr + Cb2
∫ 1
1
4
χ2
∣∣∣∣ ddr ψ̂BL
∣∣∣∣2 dr + Cb2 ∫ 1
1
4
χ2|ψ̂BL|2 dr
≤Cb2
∫ 1
1
4
(
|ψ̂BL|2 +
∣∣∣∣ ddr ψ̂BL
∣∣∣∣2 + ∣∣∣∣ d2dr2 ψ̂BL
∣∣∣∣2
)
dr
≤Cb2(|β|−1 + |β|+ |β|3) ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr,
(220) b2ξ2
∫ 1
0
∣∣∣∣ ddr (rχψ̂BL)
∣∣∣∣2 1r dr + b2ξ4
∫ 1
0
∣∣∣χψ̂BL∣∣∣2 r dr ≤ C(Φ|ξ|)− 23 ∫ 1
0
|F̂ ∗|2r dr,
and
(221)
b2
∫ 1
0
∣∣∣∣ ddr (rL(χψ̂BL)
∣∣∣∣2 1r dr + b2ξ2
∫ 1
0
∣∣∣L(χψ̂BL)∣∣∣2 r dr + b2ξ4 ∫ 1
0
∣∣∣∣ ddr (rχψ̂BL)
∣∣∣∣2 1r dr
+ b2ξ6
∫ 1
0
∣∣∣χψ̂BL∣∣∣2 r dr ≤ C ∫ 1
0
|F̂ ∗|2r dr.
Meanwhile, according to Lemma A.5, it holds that
(222)
a2
∫ 1
0
|I1(|ξ|r)|2 dr ≤Cmin
{
1, |ξ|−1} (Φ|ξ|)− 53 ∫ 1
0
|F̂ ∗|2r dr
≤C(Φ|ξ|)− 53
∫ 1
0
|F̂ ∗|2r dr
and
(223)
|a|2
(
ξ2
∫ 1
0
|I1(|ξ|r)|2 dr +
∫ 1
0
∣∣∣∣ ddr (rI1(ξr))
∣∣∣∣2 1r dr
)
≤C(min{1, |ξ|−1}ξ2 +max{1, |ξ|})(Φ|ξ|)− 53
∫ 1
0
|F̂ ∗|2r dr
≤C(Φ|ξ|)− 43
∫ 1
0
|F̂ ∗|2r dr.
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Furthermore, one has
(224)
a2
(∫ 1
0
|LI1(|ξ|r)|2r dr + ξ4
∫ 1
0
|I1(|ξ|r)|2r dr
)
≤Cmin{1, |ξ|−1}|ξ|4(Φ|ξ|)− 53
∫ 1
0
|fˆ |2r dr ≤ C(Φ|ξ|)− 23
∫ 1
0
|F̂ ∗|2r dr
and
(225)
a2
∫ 1
0
∣∣∣∣ ddr (rLI1(|ξ|r))
∣∣∣∣2 1r dr + a2ξ2
∫ 1
0
|LI1(|ξ|r)|2r dr
+ a2ξ4
∫ 1
0
∣∣∣∣ ddr (rI1(|ξ|r))
∣∣∣∣2 1r dr + a2ξ6
∫ 1
0
|I1(|ξ|r)|2r dr
≤C (min{1, |ξ|−1}|ξ|6 +max{1, |ξ|}|ξ|4) (Φ|ξ|)− 53 ∫ 1
0
|F̂ ∗|2r dr
≤C
∫ 1
0
|F̂ ∗|2r dr.
Combining the estimates in Lemma 6.7, (218)–(225), one proves (154). This finishes the
proof of Proposition 6.6. 
Let
χ3(ξ) =
 1,
1
ǫ1Φ
≤ |ξ| ≤ ǫ1
√
Φ,
0, otherwise,
and ψmed be the function such that ψ̂med = χ3(ξ)ψˆ. Define
vrmed = ∂zψmed, v
z
med = −
∂r(rψmed)
r
, and v∗med = v
r
meder + v
z
medez.
And similarly, we define F rmed, F
z
med,F
∗
med, ω
θ
med.
Proposition 6.9. The solution v∗ satisfies
(226) ‖v∗med‖H2(Ω) ≤ C‖F ∗med‖L2(Ω),
where C is a uniform constant independent of Φ and F .
Proof. It follows from the definition of v∗med and Proposition 6.6 that
(227) ‖v∗med‖2L2(Ω) ≤ C
∫
1
ǫ1Φ
≤|ξ|≤ǫ1
√
Φ
∫ 1
0
(
ξ2|ψˆ|2r +
∣∣∣∣ ∂∂r (rψˆ)
∣∣∣∣2 1r
)
dr ≤ C‖F ∗med‖2L2(Ω).
On the other hand, the straightforward computations give
(228) ∆v∗med = −curl ωθmed = ∂zωθmeder −
(
∂rω
θ
med +
ωθmed
r
)
ez.
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Thus according to Proposition 6.6, one has
(229) ‖∂zωθmed‖2L2(Ω) ≤ C
∫
1
ǫ1Φ
≤|ξ|≤ǫ1
√
Φ
∫ 1
0
ξ2|(L− ξ2)ψˆ|2r drdξ ≤ C‖F ∗med‖2L2(Ω),
and
(230)
∥∥∥∥∂rωθmed + ωθmedr
∥∥∥∥2
L2(Ω)
≤ C
∫
1
ǫ1Φ
≤|ξ|≤ǫ1
√
Φ
∫ 1
0
∣∣∣∣ ∂∂r [r(L− ξ2)ψˆ]
∣∣∣∣2 1r drdξ
≤ C‖F ∗med‖2L2(Ω).
Applying the regularity theory for the elliptic equation (228) with homogeneous Dirichlet
boundary condition for v∗med yields (226). This finishes the proof of Proposition 6.9. 
Combining the existence result in Proposition 5.6 and the estimates in Propositions 6.1
6.3, 6.5, 6.9, we finish the proof of Theorem 1.1.
7. Nonlinear Structural Stability
In this section, we use a fixed point theorem to prove the existence of solutions for the
nonlinear problem (1)-(4), which gives the uniform nonlinear structural stability of Hagen-
Poiseuille flows.
Let v denote the perturbed velocity. Then v satisfies the system
(231)
{
U¯ · ∇v + v · ∇U¯ + (v · ∇)v −∆v +∇P = F , in Ω,
div v = 0, in Ω,
supplemented with the following conditions
(232) v = 0 on ∂Ω,
∫
Σ
v · n dS = 0.
Now we apply Lemma A.7 to show the existence of solutions for the problem (231)–(232).
Set Y = H
5
3 (Ω). For any given F ∈ L2(Ω), as proved in Theorem 1.1, there exists a strong
solution v ∈ H2(Ω) to the linear problem (5) and (6). We denote this solution by T F .
According to Theorem 1.1, one has
(233) ‖T F ‖Y ≤ C‖F ‖L2(Ω).
For any v1, v2 ∈ Y , the bilinear form
(234) B(v1, v2) = −T ((v1 · ∇)v2)),
is well-defined and B(v1, v2) ∈ Y , satisfying
(235) ‖B(v1, v2)‖Y ≤ C‖v1 · ∇)v2‖L2(Ω) ≤ C‖v1‖L12(Ω)‖∇v2‖L 125 (Ω) ≤ C‖v1‖Y ‖v2‖Y ,
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where the last inequality comes from the Sobolev embedding for functions in three dimen-
sional domains. Hence, it follows from Lemma A.7 that if ǫ0 is suitably small and
‖F ‖L2(Ω) ≤ ǫ0,
then the problem
(236) v = T F + B(v, v)
has a unique solution v satisfying ‖v‖Y ≤ Cǫ0.
Furthermore, in fact the solution v satisfies that
(237) ‖v‖H2(Ω) ≤ C(1 + Φ 14 )‖F ‖L2(Ω) + C(1 + Φ 14 )‖v‖2Y ≤ C(1 + Φ
1
4 )‖F ‖L2(Ω),
and v is a strong solution to the problem (231)–(232). Hence, the proof of Theorem 1.2 is
completed.
Appendix A. Some elementary lemmas
In this appendix, we collect some basic lemmas which play important roles in the paper
and might be useful elsewhere. We first give some Poincare´ type inequalities.
Lemma A.1. For a function g ∈ C2([0, 1]) it holds that
(238)
∫ 1
0
|g|2r dr ≤
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr.
If, in addition, g(0) = g(1) = 0, then one has
(239)
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤
(∫ 1
0
|Lg|2r dr
)1
2
(∫ 1
0
|g|2r dr
) 1
2
≤
∫ 1
0
|Lg|2r dr.
Proof. For every r ∈ [0, 1], one has
|rg(r)| =
∣∣∣∣∫ r
0
d
ds
(sg(s)) ds
∣∣∣∣ ≤ r
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
2
.
Therefore,
(240) sup
r∈[0,1]
|g(r)|2 ≤
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr,
which implies (238).
If g(0) = g(1) = 0, then integration by parts and using the homogeneous boundary
conditions for g give
(241)
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr =
∫ 1
0
Lggr dr ≤
(∫ 1
0
|Lg|2r dr
) 1
2
(∫ 1
0
|g|2r dr
) 1
2
.
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Hence, it follows from (238) that one has∫ 1
0
|g|2r dr ≤
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤
∫ 1
0
|Lg|2r dr.
This finishes the proof of the lemma. 
In the following lemma, we give the pointwise estimate for the functions evaluated on the
boundary.
Lemma A.2. For a function g ∈ C3([0, 1]), one has
(242)∣∣∣∣ ddr (rg)(1)
∣∣∣∣ ≤2
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
4
(∫ 1
0
|Lg|2 r dr
) 1
4
+ 4
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
2
,
and
(243) |Lg(1)| ≤ 2
(∫ 1
1
2
|Lg|2r dr
) 1
2
+ 2
(∫ 1
1
2
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr
) 1
4
(∫ 1
1
2
|Lg|2 r dr
) 1
4
.
Furthermore, if g ∈ C4([0, 1]), with Lg(0) = 0 and d
dr
(rLg) ∈ C[0, 1], then one has
(244)
∫ 1
0
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr ≤ C
(∫ 1
0
|Lg|2r dr
) 1
2
(∫ 1
0
|L2g|2r dr
)1
2
+ C
∫ 1
0
|Lg|2r dr,
(245)
∣∣∣∣ ddr (rLg)(1)
∣∣∣∣2 ≤4 ∫ 1
1
2
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr
+ 8
(∫ 1
1
2
|L2g|2r dr
) 1
2
(∫ 1
1
2
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr
) 1
2
,
and
(246) |Lg(1)|+
∣∣∣∣ ddr (rLg)(1)
∣∣∣∣ ≤ C (∫ 1
0
|Lg|2r dr +
∫ 1
0
|L2g|2r dr
) 1
2
.
If, in addition, g(0) = g(1) = 0, then one has
(247)
∣∣∣∣ ddr (rg)(1)
∣∣∣∣ ≤ 2√3(∫ 1
0
|g|2 r dr
) 1
8
(∫ 1
0
|Lg|2 r dr
)3
8
.
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Proof. For every r ∈ [1
2
, 1], one has
(248)
(∣∣∣∣1r ddr (rg)
∣∣∣∣ ∣∣∣
r=1
)2
=
∣∣∣∣1r ddr (rg)(r)
∣∣∣∣2 + ∫ 1
r
d
ds
∣∣∣∣1s dds(sg)
∣∣∣∣2 ds
≤
∣∣∣∣1r ddr (rg)(r)
∣∣∣∣2 + 2 ∫ 1
r
∣∣∣∣1s dds(sg)
∣∣∣∣ |Lg| ds.
Integrating (248) over (1
2
, 1) yields
(249)(∣∣∣∣1r ddr (rg)
∣∣∣∣
r=1
)2
≤2
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r2 dr + 4
(∫ 1
1
2
|Lg|2 r dr
) 1
2
(∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r3 dr
) 1
2
≤4
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr + 8
(∫ 1
1
2
|Lg|2 r dr
) 1
2
(∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
2
.
In particular, if g(0) = g(1) = 0, according to Lemma A.1, one has
(250)
∣∣∣∣ ddr (rg)(1)
∣∣∣∣2 ≤ 12(∫ 1
0
|Lg|2r dr
)1
2
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
2
≤ 12
(∫ 1
0
|Lg|2r dr
)3
4
(∫ 1
0
|g|2r dr
)1
4
,
which gives (247).
Similarly, for every s ∈ [1
2
, 1], one has
(251) |Lg(1)|2 = |sLg(s)|2 +
∫ 1
s
d
dr
(rLg)rLg dr +
∫ 1
s
rLg d
dr
(rLg) dr.
Integrating (251) over [1
2
, 1] with respect to s and using Ho¨lder inequality yield (243).
Furthermore, if g ∈ C4([0, 1]), with Lg(0) = 0, then the straightforward computations
give
(252)
∫ 1
0
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr = −
∫ 1
0
L2gLgr dr + d
dr
(rLg)(1)Lg(1).
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The similar computations yield
(253)
∣∣∣∣ ddr (rLg)(1)
∣∣∣∣2 = ∣∣∣∣[1r ddr (rLg)
]
(1)
∣∣∣∣2
≤4
[∫ 1
1
2
∣∣∣∣ ddr
(
1
r
d
dr
(rLg)
)∣∣∣∣2 1r dr
]1
2
[∫ 1
1
2
∣∣∣∣1r ddr (rLg)
∣∣∣∣2 r dr
]1
2
+ 4
∫ 1
1
2
∣∣∣∣1r ddr (rLg)
∣∣∣∣2 r dr
≤8
(∫ 1
1
2
|L2g|2r dr
) 1
2
(∫ 1
1
2
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr
) 1
2
+ 4
∫ 1
1
2
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr.
This gives (245). If one denotes
N2 =
∫ 1
0
|Lg|2r dr, N3 =
∫ 1
0
∣∣∣∣ ddr (rLg)
∣∣∣∣2 1r dr, and N4 =
∫ 1
0
|L2g|2r dr,
then the inequality (252), together with (243) and (253), gives
N3 ≤ N
1
2
2 N
1
2
4 +
(
2N
1
2
2 + 4N
1
4
3 N
1
4
2
)(
4N
1
2
3 + 4N
1
4
3 N
1
4
4
)
.
Therefore, one has
(254) N3 ≤ 2N
1
2
2 N
1
2
4 + CN2 + CN
2
3
2 N
1
3
4 ≤ CN2 + CN
1
2
2 N
1
4
4 ≤ C(N2 +N4),
which is exactly (244). The estimate (246) follows from (244) and (253). This finishes the
proof of the lemma. 
The following lemma is a variant of Hardy-Littlewood-Polya type inequality.
Lemma A.3. Let g ∈ C1([0, 1]) satisfy g(0) = 0, one has
(255)
∫ 1
0
|g(r)|2dr ≤ 1
2
∫ 1
0
|g′(r)|2(1− r2) dr,
and
(256)
∫ 1
0
|g|2r dr ≤ C
∫ 1
0
∣∣∣∣d(rg)dr
∣∣∣∣2 1− r2r dr.
Proof. It follows from [17, p. 165] that for any function g ∈ C1([−1, 1]), one has
(257) 2
∫ 1
−1
|g(t)|2dt−
(∫ 1
−1
g(t)dt
)2
≤
∫ 1
−1
(1− t2)|g′(t)|2dt.
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Let g˜ be the odd extension of g on [−1, 1], i.e.,
(258) g˜(t) =
{
g(t), 0 ≤ t ≤ 1,
− g(−t), −1 ≤ t < 0.
Since g(0) = 0 and g ∈ C1[0, 1], g˜ ∈ C1[−1, 1]. Using (257) for g˜ gives
(259)
4
∫ 1
0
|g(t)|2 = 2
∫ 1
−1
|g˜(t)|2dt−
(∫ 1
−1
g˜(t)dt
)2
≤
∫ 1
−1
(1− t2)|g˜′(t)|2dt = 2
∫ 1
0
(1− t2)|g′(t)|2dt
This yields the inequality (255).
Applying (255) for the function rg gives
(260)
∫ 1
0
|rg|2 dr ≤ 1
2
∫ 1
0
(1− r2)
∣∣∣∣d(rg)dr
∣∣∣∣2 dr,
which implies that
(261)
∫ 1
1
2
|g|2r dr ≤
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1− r2r dr.
On the other hand, one has
|rg(r)| =
∣∣∣∣∫ r
0
d
ds
(sg) ds
∣∣∣∣ ≤
(∫ r
0
∣∣∣∣ dds(sg)
∣∣∣∣2 1s ds
) 1
2
r,
which implies
(262) sup
r∈[0, 1
2
]
|g(r)|2 ≤ 4
3
∫ 1
2
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1− r2r dr.
Hence, one has
(263)
∫ 1
2
0
|g(r)|2r dr ≤ 2
3
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1− r2r dr.
The estimate (256) follows from (261) and (263). The proof of Lemma A.3 is completed. 
We collect some basic properties of the modified Bessel functions of the first kind in the
following lemma.
Lemma A.4. Let I1(z) be the modified Bessel function of the first kind, i.e. it is the solution
of the problem (145). Assume that 0 < x < y, it holds that
(264) ex−y
x
y
<
I1(x)
I1(y)
< ex−y
(y
x
)1/2
.
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Furthermore, for every x > 0, it holds that
(265)
x
2
≤ I1(x) ≤ x
2
cosh x
and
(266) 0 ≤ I ′1(x) ≤ I1(x) +
I1(x)
x
.
Proof. The first inequality in (264) was proved in [9], while the second inequality was proved
in [8, (2.6)]. The inequality (265) can be found in [20, (1.1)]. Moreover, it follows from [40, p.
79] that
I ′1(x) = I2(x) + x
−1I1(x).
This, together with the estimate ( [8, (2.16)])
I2(x) < I1(x) tanhx,
gives (266). Hence the proof of Lemma A.4 is completed. 
The integrals of the modified Bessel functions of the first kind are estimated in the following
lemma.
Lemma A.5. It holds that
(267)
∫ 1
0
|I1(|ξ|r)|2r dr ≤ Cmin{1, |ξ|−1}(I1(|ξ|))2
and
(268)
∫ 1
0
∣∣∣∣ ddr (rI1(|ξ|r))
∣∣∣∣2 1r dr ≤ Cmax{1, |ξ|}(I1(|ξ|))2.
Furthermore, one has
(269)
∫ 1
0
|LI1(|ξ|r)|2r dr ≤ Cmin{1, |ξ|−1}ξ4(I1(|ξ|))2
and
(270)
∫ 1
0
∣∣∣∣ ddr (rLI1(|ξ|r))
∣∣∣∣2 1r dr ≤ Cmax{1, |ξ|}ξ4(I1(|ξ|))2.
Proof. The straightforward computations give
(271)
∫ 1
0
|I1(|ξ|r)|2r dr = |ξ|−2
∫ |ξ|
0
|I1(η)|2η dη.
For |ξ| ∈ (0, 1], since I1(η) is increasing, one has
(272)
∫ |ξ|
0
|I1(η)|2η dη ≤ C(I1(|ξ|))2
∫ |ξ|
0
∣∣∣∣ I1(η)I1(|ξ|)
∣∣∣∣2 η dη ≤ Cξ2(I1(|ξ|2))2.
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When |ξ| > 1, since I1(η) is an increasing function, one has
(273)
∫ |ξ|
0
|I1(η)|2η dη =
∫ |ξ|
2
0
|I1(η)|2 η dη +
∫ |ξ|
|ξ|
2
|I1(η)|2 η dη ≤ 2
∫ |ξ|
|ξ|
2
|I1(η)|2 η dη.
It follows from (264) in Lemma A.4 that one has
(274)
∫ |ξ|
0
|I1(η)|2η dη ≤ 2(I1(|ξ|))2
∫ |ξ|
|ξ|
2
∣∣∣∣ I1(η)I1(|ξ|)
∣∣∣∣2 η dη
≤C(I1(|ξ|))2
∫ |ξ|
|ξ|
2
e2(η−|ξ|)η dη ≤ C|ξ|(I1(|ξ|))2.
The estimate (267) follows from (271)-(272) and (274).
Next, the straightforward computations give
(275)
∫ 1
0
∣∣∣∣ ddr (rI1(|ξ|r))
∣∣∣∣2 1r dr ≤2
∫ 1
0
|I1(|ξ|r)|21
r
dr + 2ξ2
∫ 1
0
|I ′1(|ξ|r)|2r dr
=2
∫ |ξ|
0
|I1(η)|2 1
η
dη + 2
∫ |ξ|
0
|I ′1(η)|2η dη.
For |ξ| ∈ (0, 1], it follows from (265) in Lemma A.4 that one has
(276)
∫ |ξ|
0
|I1(η)|2 1
η
dη ≤
∫ |ξ|
0
∣∣∣∣η cosh η2
∣∣∣∣2 1η dη ≤ C|ξ|2 ≤ C(I1(|ξ|))2.
Since I1(η) is smooth on [0,+∞), I ′1(η) is bounded on [0, 1]. Hence,
(277)
∫ |ξ|
0
|I ′1(η)|η dη ≤ C|ξ|2 ≤ C(I1(|ξ|))2.
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When |ξ| > 1, it follows from Lemma A.4 that
(278)
∫ |ξ|
0
|I1(η)|2 1
η
dη ≤
∫ 1
0
|I1(η)|2 1
η
dη +
∫ |ξ|
1
|I1(η)|2 1
η
dη
≤C
∫ 1
0
∣∣∣∣η cosh η2
∣∣∣∣2 1η dη + (I1(|ξ|))2
∫ |ξ|
1
∣∣∣∣ I1(η)I1(|ξ|)
∣∣∣∣2 1η dη
≤C + (I1(|ξ|))2
∫ |ξ|
1
e2(η−|ξ|)
|ξ|
η
1
η
dη
≤C + (I1(|ξ|))2
(
e−2|ξ||ξ|
∫ |ξ|
2
1
e2η
η2
dη +
4e−2|ξ|
|ξ|
∫ |ξ|
|ξ|
2
e2η dη
)
≤C + (I1(|ξ|))2
(
|ξ|e−|ξ| + 1|ξ|
)
≤ C|ξ|(I1(|ξ|))
2,
where we used the estimate (265) for the last inequality. Similarly, due to the boundedness
of I ′1(η) on [0, 1] and (266), one has
(279)
∫ ξ
0
|I ′1(η)|2η dη ≤
∫ 1
0
|I ′1(η)|2η dη +
∫ |ξ|
1
|I ′1(η)|2η dη
≤C + 2
(∫ |ξ|
1
|I1(η)|2 1
η
dη +
∫ |ξ|
1
|I1(η)|2η dη
)
≤C + 2
∫ |ξ|
1
|I1(η)|2η dη.
It follows from (274) that
(280)
∫ ξ
0
|I ′1(η)|2η dη ≤ C|ξ|(I1(|ξ|))2 for |ξ| ≥ 1.
Combining the estimate (275)-(280) yields (268).
Since (L − ξ2)I1(|ξ|r) = 0, one has
(281)
∫ 1
0
|LI1(|ξ|r)|2r dr = |ξ|4
∫ 1
0
|I1(|ξ|r)|2r dr
and
(282)
∫ 1
0
1
r
∣∣∣∣ ddr (rLI1(|ξ|r))
∣∣∣∣2 dr = |ξ|4 ∫ 1
0
1
r
∣∣∣∣ ddr (rI1(|ξ|r))
∣∣∣∣2 dr.
Thus the estimates (269)-(270) follow from (281)-(282) and (267)-(268). 
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The following lemma is about two weighted interpolation inequalities, which are quite
similar to [14, (3.28)].
Lemma A.6. Let g ∈ C2[0, 1], then one has
(283)
∫ 1
0
|g|2r dr ≤C
(∫ 1
0
(1− r2)|g|2r dr
) 2
3
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
3
+ C
∫ 1
0
(1− r2)|g|2r dr,
and
(284)
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤ C
(∫ 1
0
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 2
3
(∫ 1
0
|Lg|2r dr
) 1
3
+ C
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr.
Proof. First, one has
(285)
∫ 1
0
|g|2r dr ≤2
∫ 1
2
0
(1− r2)|g|2r dr +
∫ 1−δ
1
2
1− r2
δ
|g|2r dr +
∫ 1
1−δ
|g|2r dr
≤2
∫ 1
2
0
(1− r2)|g|2r dr + 2
δ
∫ 1−δ
1
2
(1− r2)|g|2r dr + 2δ sup
r∈[0,1]
|rg(r)|2.
If one chooses
(286) δ =
(∫ 1
0
(1− r2)|g|2r dr
)1
2
sup
r∈[0,1]
|rg(r)|+
(∫ 1
0
(1− r2)|g|2r dr
) 1
2
,
then one has
(287)
∫ 1
0
|g|2rdr ≤ 4
∫ 1
0
(1− r2)|g|2r dr + 4
(∫ 1
0
(1− r2)|g|2r dr
) 1
2
sup
r∈[0,1]
|rg(r)|.
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Note that
(288)
|rg(r)|2 =
∫ r
0
d
ds
|(sg(s))|2 ds
≤2
(∫ r
0
∣∣∣∣ dds(sg(s))
∣∣∣∣2 1s ds
) 1
2
(∫ r
0
|sg(s)|2 s ds
)1
2
≤2
(∫ 1
0
∣∣∣∣ dds(sg(s))
∣∣∣∣2 1s ds
) 1
2
(∫ 1
0
|sg(s)|2 s ds
) 1
2
.
Hence, one has
(289)∫ 1
0
|g|2r dr ≤4
∫ 1
0
(1− r2)|g|2r dr
+ 8
(∫ 1
0
(1− r2)|g|2r dr
) 1
2
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
4
(∫ 1
0
|rg|2 r dr
) 1
4
≤4
∫ 1
0
(1− r2)|g|2r dr + C
(∫ 1
0
(1− r2)|g|2r dr
) 2
3
(∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
3
+
1
2
∫ 1
0
|g|2 r dr.
Thus we get (283).
The proof of (284) is similar to that of (283). First, one has
(290)
∫ 1
2
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤ 43
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr.
Second, the straightforward computations give
(291)
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤ 1δ
∫ 1−δ
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr + ∫ 1
1−δ
∣∣∣∣1r ddr (rg)
∣∣∣∣2 dr
≤ 1
δ
∫ 1−δ
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr + δ sup
r∈[ 1
2
,1]
∣∣∣∣ ddr (rg)1r
∣∣∣∣2 .
Let us choose
δ =
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
2
sup
r∈[ 1
2
,1]
∣∣∣∣ ddr (rg)1r
∣∣∣∣+
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
2
.
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Therefore, it follows from (291) that one has
(292)
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤2
∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
+ 2
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
2
sup
r∈[ 1
2
,1]
∣∣∣∣ ddr (rg)1r
∣∣∣∣ .
For every r, s ∈ [1
2
, 1], one has
(293)
∣∣∣∣1r ddr (rg)
∣∣∣∣2 ≤ ∣∣∣∣1s dds(sg)
∣∣∣∣2 + 2 ∫ r
s
|Lg|
∣∣∣∣1t ddt(tg)
∣∣∣∣ dt.
Integrating (293) with respect to s over [1
2
, 1] yields
(294)
∣∣∣∣1r ddr (rg)
∣∣∣∣2 ≤ 4 ∫ 1
1
2
∣∣∣∣ dds(sg)
∣∣∣∣2 1s ds+ 4
∫ 1
1
2
|Lg|
∣∣∣∣ dds(sg)
∣∣∣∣ ds.
Hence one has
(295)
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
≤2
∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr + 8
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
2
(∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
2
+ 8
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
2
(∫ 1
1
2
|Lg|2r dr
) 1
4
(∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr
) 1
4
By Young’s inequality, one proves that
(296)
∫ 1
1
2
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤ C
(∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 2
3
(∫ 1
1
2
|Lg|2r dr
) 1
3
+ C
∫ 1
1
2
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr.
The inequalities (290) and (296) give the inequality (284). This finishes the proof of Lemma
A.6. 
The following elementary fixed point theorem is the basic tool to prove the nonlinear
structural stability.
Lemma A.7. Let Y be a Banach space with the norm ‖ · ‖Y , and B : Y × Y → Y be a
bilinear map. If for all ζ1, ζ2 ∈ Y , one has
‖B(ζ1, ζ2)‖Y ≤ η‖ζ1‖Y ‖ζ2‖Y ,
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then for all ζ∗ ∈ Y satisfying 4η‖ζ∗‖Y < 1, the equation
ζ = ζ∗ + B(ζ, ζ)
has a unique solution ζ ∈ Y satisfying
‖ζ‖Y ≤ 2‖ζ∗‖Y .
Proof. Let ζ0 = ζ
∗ and ζn = ζ∗ + B(ζn−1, ζn−1) for n ∈ N. First, we prove that for every
n ∈ N,
(297) ‖ζn‖Y ≤ 2‖ζ∗‖Y .
Obviously, the assertion (297) holds for n = 0. Assume that the assertion (297) holds for
n = k, then
‖ζk+1‖Y ≤ ‖ζ∗‖Y + η‖ζk‖2Y ≤ ‖ζ∗‖Y + 4η‖ζ∗‖2Y ≤ 2‖ζ∗‖Y .
Hence, the assertion (297) holds for every n ∈ N by induction.
Next, we prove that {ζn} converges in Y .
(298)
‖ζn+1 − ζn‖Y = ‖B(ζn, ζn)− B(ζn−1, ζn−1)‖Y
≤ η‖ζn − ζn−1‖Y (‖ζn‖Y + ‖ζn−1‖Y )
≤ 4η‖ζ∗‖Y ‖ζn − ζn−1‖Y .
Since 4η‖ζ∗‖Y < 1, (298) implies that {ζn} converges in Y .
Let ζ = limn→+∞ ζn. It is easy to check that
ζ = ζ∗ + B(ζ, ζ) and ‖ζ‖Y ≤ 2‖ζ∗‖Y .
If there exists another solution ζ˜ satisfying ‖ζ˜‖Y ≤ 2‖ζ∗‖Y , then
‖ζ − ζ˜‖Y ≤ 4η‖ζ∗‖Y ‖ζ − ζ˜‖Y ,
which implies that ζ = ζ˜. Hence, the proof of Lemma A.7 is completed. 
Appendix B. Analysis on vorticity
In this appendix, we give the detailed proof for Lemmas 5.3 and 5.4.
Proof of Lemma 5.3. Direct calculations show that in the domain Ωr0 ,
∂xω
θ =
(
−
(
∂rω
θ − ω
θ
r
)
cos θ sin θ, ∂rω
θ cos2 θ +
ωθ
r
sin2 θ, 0
)
,
∂yω
θ =
(
−∂rωθ sin2 θ − ω
θ
r
cos2 θ,
(
∂rω
θ − ω
θ
r
)
cos θ sin θ, 0
)
,
∂zω
θ = ∂zω
θeθ,
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∂2xω
θ =

− ∂2rωθ cos2 θ sin θ −
(
∂rω
θ
r
− ω
θ
r2
)
(sin3 θ − 2 cos2 θ sin θ)
∂2rω
θ cos3 θ + 3
(
∂rω
θ
r
− ω
θ
r2
)
sin2 θ cos θ
0

t
,
∂2yω
θ =

− ∂2rωθ sin3 θ − 3
(
∂rω
θ
r
− ω
θ
r2
)
cos2 θ sin θ
∂2rω
θ cos θ sin2 θ +
(
∂rω
θ
r
− ω
θ
r2
)
(cos3 θ − 2 sin2 θ cos θ)
0

t
,
∂2zω
θ = (−∂2zωθ sin θ, ∂2zωθ cos θ, 0),
∂x∂yω
θ =

− ∂2rωθ sin2 θ cos θ −
(
∂rω
r
− ω
θ
r2
)
(cos3 θ − 2 sin2 θ cos θ)
∂2rω
θ cos2 θ sin θ +
(
∂rω
θ
r
− ω
θ
r2
)
(sin3 θ − 2 cos2 θ sin θ)
0

t
,
∂x∂zω
θ =

−
(
∂r∂zω
θ − ∂zω
θ
r
)
sin θ cos θ
∂r∂zω
θ cos2 θ +
∂zω
θ
r
sin2 θ
0

t
, ∂y∂zω
θ =

− ∂r∂zωθ sin2 θ − ∂zω
θ
r
cos2 θ(
∂r∂zω
θ − ∂zω
θ
r
)
cos θ sin θ
0

t
.
It follows from Lemma 5.1 that∫ +∞
−∞
∫ 1
r0
∣∣∣∣∂rωθr
∣∣∣∣2 r drdz ≤ C ∫ +∞−∞
∫ 1
r0
∣∣∣∣ ∂∂rLψˆ
∣∣∣∣2 + ξ4
∣∣∣∣∣∂ψˆ∂r
∣∣∣∣∣
2
 1
r
drdξ ≤ C
r20
‖ψ‖2H4r (D).
Similarly, it holds that∫ +∞
−∞
∫ 1
r0
∣∣∣∣ωθr2
∣∣∣∣2 r drdz ≤ C ∫ +∞−∞
∫ 1
r0
(
|Lψˆ|2 + ξ4|ψˆ|2
) 1
r3
drdξ
≤ C
r40
∫ +∞
−∞
∫ 1
r0
(
|Lψˆ|2 + ξ4|ψˆ|2
)
r drdξ ≤ C
r40
‖ψ‖2H4r (D)
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and
∫ +∞
−∞
∫ 1
r0
|∂r∂zωθ|2r drdz ≤ C
∫ +∞
−∞
∫ 1
r0
(
ξ2
∣∣∣∣ ∂∂rLψˆ
∣∣∣∣2 + ξ6 ∣∣∣∣ ∂∂r ψˆ
∣∣∣∣2
)
r drdξ
≤ C
∫ +∞
−∞
∫ 1
r0
(
ξ2
∣∣∣∣ ∂∂r (rLψˆ)
∣∣∣∣2 + ξ2|Lψˆ|2 + ξ6 ∣∣∣∣ ∂∂r (rψˆ)
∣∣∣∣2 + ξ6|ψˆ|2
)
1
r
drdξ
≤ C
r20
‖ψ‖2H4r (D).
Furthermore, one has
∫ +∞
−∞
∫ 1
r0
∣∣∣∣∂zωθr
∣∣∣∣2 r drdz ≤ C ∫ +∞−∞
∫ 1
r0
(
ξ2|Lψˆ|2 + ξ6|ψˆ|
) 1
r
drdξ
≤ C
r20
∫ +∞
−∞
∫ 1
r0
(
ξ2|Lψˆ|2 + ξ6|ψˆ|2
)
r drdξ ≤ C
r20
‖ψ‖2H4r (D)
and ∫ +∞
−∞
∫ 1
r0
∣∣∂2rωθ∣∣2 r drdz = ∫ +∞
−∞
∫ 1
r0
∣∣∣∣Lωθ − ∂rωθr + ωθr2
∣∣∣∣2 r drdz
≤ C
∫ +∞
−∞
∫ 1
r0
(|L2ψ|2 + |∂2zLψ|2) r drdz + Cr40 ‖ψ‖2H4r (D) ≤ Cr40 ‖ψ‖2H4r (D).
Thus we get the following estimate,
(299) ‖ωθ‖H2(Ωr0 ) ≤ C(r0)‖ψ‖H4r (D),
Hence the proof of Lemma 5.3 is finished. 
Now we give the proof of Lemma 5.4.
Proof of Lemma 5.4. With the H2-estimate for ωθ over the domain Ωr, it suffices to get the
interior H2-estimate for ωθ. First, we claim that the equation
(300) ∆ωθ = (L+ ∂2z )2ψeθ.
actually holds on the whole domain Ω.
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Indeed, let φ ∈ C∞0 (Ω;R3) be a smooth vector-valued function defined on Ω, and suppose
that supp(φ) ⊆ B1(0)× [−Z,Z]. One has
(301)
∫ +∞
−∞
∫
B1(0)\Br(0)
ωθ ·∆φ dxdydz
= −
∫ +∞
−∞
∫
B1(0)\Br(0)
∇ωθ : ∇φ dxdydz −
∫ +∞
−∞
∫
∂Br(0)
ωθ · ∂φ
∂n
dSdz
=
∫ +∞
−∞
∫
B1(0)\Br(0)
∆ωθ · φ dxdydz +
∫ +∞
−∞
∫
∂Br(0)
∂ωθ
∂n
· φ dSdz
−
∫ +∞
−∞
∫
∂Br(0)
ωθ · ∂φ
∂n
dSdz,
where n is the unit outer normal. Since ωθ ∈ L2(Ω) and∫ +∞
−∞
∫ 1
0
∣∣(L+ ∂2z )2ψ∣∣2 r drdz ≤ C‖ψ‖2H4r (D),
it follows that
(302) lim
r→0+
∫ +∞
−∞
∫
B1(0)\Br(0)
ωθ ·∆φ dxdydz =
∫ +∞
−∞
∫
B1(0)
ωθ ·∆φ dxdydz
and
(303) lim
r→0+
∫ +∞
−∞
∫
B1(0)\Br(0)
∆ωθ · φ dxdydz =
∫ +∞
−∞
∫
B1(0)
(L+ ∂2z )2ψeθ · φ dxdydz.
Note that on ∂Br(0),
∂ωθ
∂n
=
∂ωθ
∂r
eθ.
Thus ∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂ωθ
∂n
· φ dSdz
∣∣∣∣ = ∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂ωθ
∂r
eθ · φ dSdz
∣∣∣∣
=
∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂(Lψ)
∂r
eθ · φ dSdz +
∫ +∞
−∞
∫
∂Br(0)
∂ψ
∂r
eθ · ∂
2
∂z2
φ dSdz
∣∣∣∣
≤ C
∫ +Z
−Z
∣∣∣∣ ∂∂r (Lψ)
∣∣∣∣ (r, z) ∫
∂Br(0)
|φ| dSdz + C
∫ +Z
−Z
∣∣∣∣∂ψ∂r
∣∣∣∣ (r, z) ∫
∂Br(0)
|∂2zφ| dSdz
≤ C
∫ +Z
−Z
(
sup
Ω
|φ|
∣∣∣∣r ∂∂r (Lψ)(r, z)
∣∣∣∣+ sup
Ω
|∂2zφ| ·
∣∣∣∣r∂ψ∂r (r, z)
∣∣∣∣) dz.
It follows from the proof of Lemma 4.1 that for every fixed z ∈ R,∣∣∣∣r ∂∂r (Lψ)(r, z)
∣∣∣∣ ≤ C (r 34 + r| ln r| 12) ‖ψ(·, z)‖X4
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and ∣∣∣∣r∂ψ∂r (r, z)
∣∣∣∣ ≤ ∣∣∣∣∂(rψ)∂r (r, z)
∣∣∣∣+ |ψ(r, z)| ≤ C (r| ln r| 12 + r 34) ‖ψ(·, z)‖X4 .
Hence,
(304) lim
r→0+
∣∣∣∣∫ +∞−∞
∫
∂Br(0)
∂ωθ
∂n
· φ dSdz
∣∣∣∣ = 0.
On the other hand,
(305)∣∣∣∣∫ +∞−∞
∫
∂Br(0)
ωθ · ∂φ
∂n
dSdz
∣∣∣∣ ≤ C ∫ +Z−Z
(
sup
Ω
|∇φ|r|Lψ(r, z)|+ sup
Ω
|∇3φ|r|ψ(r, z)|
)
dz.
It follows from the proof of Lemma 4.1 that for every fixed z ∈ R, one has
|Lψ(r, z)|+ |ψ(r, z)| ≤ Cr 34‖ψ(·, z)‖X4.
Hence,
(306) lim
r→0+
∫ +∞
−∞
∫
∂Br(0)
ωθ · ∂φ
∂n
dSdz = 0.
Collecting (301)–(306) together gives∫ +∞
−∞
∫
B1(0)
ωθ ·∆φ dxdydz =
∫ +∞
−∞
∫
B1(0)
(L+ ∂2z )2ψeθ · φ dxdydz.
This implies that the equation (300) holds in Ω as claimed. According to the regularity
theory for elliptic equations ( [15]), for every 0 < r1 < 1, one has
‖ωθ‖H2(Br1 (0)×R) ≤ C(r1)‖(L+ ∂2z )2ψeθ‖L2(Ω) + C(r1)‖ωθ‖L2(Ω) ≤ C(r1)‖ψ‖H4r (D).
This, together with Lemma 5.3, gives (98) so that the proof of Lemma 5.4 is completed. 
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